LEFSCHETZ NUMBERS OF SYMPLECTIC INVOLUTIONS ON 
ARITHMETIC GROUPS 
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Abstract. The reduced norm-one group G of a central simple algebra is an 
inner form of the special linear group, and an involution on the algebra induces 
an automorphism of G. We study the action of such automorphisms in the 
cohomology of arithmetic subgroups of G. The main result is a precise formula 
for Lefschetz numbers of automorphisms induced by involutions of symplectic 
type. Our approach is based on a careful study of the smoothness properties 
of group schemes associated with orders in central simple algebras. Along the 
way we also derive an adelic reformulation of Harder's GauB-Bonnet Theorem. 



1. Introduction 

Let G be a semisimple linear algebraic group defined over the field Q of rational 
numbers. Given a torsion-free arithmetic subgroup F C G(Q) it is in general a very 
difficult task to compute the (cohomological) Betti numbers of F. However Harder's 
Gaufi-Bonnet Theorem [TU] makes it possible to determine the Euler characteristic 
of arithmetic groups. If the Euler characteristic is non-zero, one can extract in- 
formation on the Betti numbers. Moreover, whether or not the Euler characteristic 
vanishes only depends on the structure of the associated real Lie group G(M) (see 
Rem. I3.1|) . If the Euler characteristic vanishes, Lefschetz numbers of automorph- 
isms of finite order of G are a suitable substitute to gain insight into the cohomology 
of F. The idea to study Lefschetz numbers in the cohomology of arithmetic groups 
goes back to Harder [11]. A general method was developed by J. Rohlfs, first for 
Galois automorphisms [55] and later in a general adelic setting [35] . Lefschetz num- 
bers were also studied by Lee-Schwermer [53] and Lai [55]. However, only very few 
groups have been considered in detail, most frequently Lefschetz numbers on Bi- 
anchi groups were studied (see Kramer [5T], Rohlfs [3T], Sengiin-Tiirkelli [3S], and 
Kionke-Schwermer [l^). In this article we describe a method (based on Rohlfs' 
approach) to compute Lefschetz numbers of specific automorphisms on arithmetic 
subgroups of inner forms of the special linear group. 

More precisely, let F be an algebraic number field and let A be a central simple F- 
algebra. The reduced norm nrd^/i? is a polynomial function on A and the associated 
reduced norm-one group G = SL^i is a linear algebraic group defined over F. 
Indeed, the algebraic group G is an inner form of the special linear group. If A 
has an involution a of symplectic type (see Def. 12. 3p . then the composition of a 
with the group inversion yields an automorphism a* of G. We study the Lefschetz 
numbers of such automorphisms induced by involutions of symplectic type. 

1.1. The main result. Let F be an algebraic number field and let O denote its 
ring of integers. Let A be a central simple i^-algebra. For our purposes we may 
assume that A — Mn{D) for some quaternion i^- algebra D fsee ll.3p . 
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Let Ad Q D he a. maximal O-order in D, then A :— Mn{Ao) is a maximal O- 
order in A. For a non-trivial ideal a C O we study the cohomology of the principal 
congruence subgroups 



of G. In fact, for n > 2 the groups T{a) have vanishing Euler characteristic. 

The quaternion algebra D is equipped with a unique involution of symplectic 
type Tc : D D, called conjugation, which induces an involution of symplectic 
type T : A ^ A hy t(x) := Tc{x)'^ , i.e. apply to every entry of the matrix and 
then transpose the matrix. We will call r the standard involution of symplectic type 
on Mn (D) . Composition of t with the group inversion yields an automorphism t* of 
order two on G. Note that the congruence groups r(o) are r*-stable. Fix a rational 
representation p : G Xp F GL{W) of G (defined over the algebraic closure of F) 
on a finite dimensional vector space. If W is equipped with a compatible T*-action 
(see Def. 14.11) . then we can define the Lefschetz number C{t* ,T{a), W) of r* in the 
cohomology H'{r{a), W). 

Main Theorem. Assume that T(a) is torsion-free. If D is totally definite, we 
assume further that n > 2. The Lefschetz number C{t* , r(o), W) is zero if F is not 
totally real. 

If F is totally real, the Lefschetz number is given by the following formula 



C{T*,T{a),W) = 2-'-N(a)"(2«+i)A^<j(i:))"("+i)/2Tr(T*|I^)]^M(j,o,i:'). 



Here ArdiD) denotes the signed reduced discriminant of D (see Def. \5.1\) . r denotes 
the number of real places of F ramified in D, and 



where Ram/(Z?) denotes the set of finite places of F where D ramifies and 
denotes the Dedekind zeta-function of F . If F is totally real, then the Lefschetz 
number is zero if and only if T^v{t*\W) = 0. 

1.2. Applications. We briefly give three applications of the above formula where 
we always assume to be a totally real number fleld. 

1.2.1. Growth of the total Betti number. The analysis of the asymptotic behaviour 
of Betti numbers of arithmetic groups is an important topic. Recent results of 
Calegari-Emerton provide strong asymptotic upper bounds (cf. [6 ). We can use 
the main theorem to obtain an asymptotic lower bound result. 

Let G be the reduced norm-one group associated with the central simple F- 
algebra Mn{D). For a torsion- free arithmetic subgroup F C G{F) we deflne the 
total Betti number B{T) :— J^'^o dimiJ'(F, C). Note that this is a finite sum since 
torsion-free arithmetic groups are of type (FL) (see fH Thm. 11.4.4]). 

Corollary 1.1. Let Fq C G{F) be an arithmetic subgroup. For any ideal a d O 
we define Fo(a) :— Fq H F(a). There is a positive real number k > 0, depending on 
F , D, Fq, and n, so that 



F(a) := { .9 G Mniko) \ nrd^Cg) = 1 and g=l mod a } 



n 



Mij, a,D) :=CF(l-2j)n(l 



1 




N(p)2i 




4ti^-1 



A proof of this corollary will be given in Section 15.51 
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1.2.2. Rationality of zeta values. Note that the Lefschetz number is an integer since 
T* is of order two. We obtain a new proof of a classical theorem of Siegel [H] and 
Klingen [17]. 

Corollary 1.2. If F is a totally real number field, then Cf(1 — 2m) is a non-zero 
rational number for all integers m > I. 

Proof. Apply the main theorem with D = M2{F), = M2(0) and choose W to 
be the trivial one-dimensional representation. We see that for every n > 1 and all 
sufBciently small ideals a C O, the number 

n 

N(ar(--)n(c.(i-2,)n(i-^)) 

J = l p|o 

is a non-zero integer. The claim follows by induction on m. □ 

1.2.3. Cohomology of cocompact fuchsian groups. Let D be a division quaternion 
algebra over F such that D is split at precisely one real place vq of F. So r — [F : 
Q] — 1 is the number of real places ramified in D. 

Let A = Aij be a maximal O-order in D. We consider the reduced norm-one 
group G — SLd defined over F. The associated real Lie group is 

Goo = SL2(M) X SLi(H)''. 

Note that the group SLi(IEII) is compact and so the projection pi : Goo SL2(IR) 
onto the first factor is a proper and open homomorphism of Lie groups. In partic- 
ular, every discrete torsion-free subgroup F C Goo maps via pi isomorphically to a 
discrete subgroup in SL2(M). 

Let a C O be a proper ideal such that r(o) is torsion-free. We will interpret r(o) 
as a subgroup of SL2(M). Note that, since we assumed Z? to be a division algebra, 
the group r(o) is a cocompact Fuchsian group (see Thm. 5.4.1 in l4i). 

Let t) = SL2(M)/SO(2) be the Poincare upper half-plane. 

Corollary 1.3. The compact Riemann surface f)/F(a) has genus 

^ = l + 2-[^^QlN(a)=^|A.,(i^)Ci.(-l)in(l-N(p)-') n (I-N(P)-') 

p|a peRainj.(n) 
pfa 

This implies an explicit formula for the first Betti number 6i(F(a)) since 

&i(F(a)) = dimff\F(a),C) = 2g. 

Proof. Consider the main theorem for n — 1. Note that for n — \ the automorphism 
r* is actually the identity. This means that, using the main theorem with the trivial 
representation, we obtain 

/:(r*,F(a),C) = x(r(a))=x(f)/r(a)). 

Note that the sign of the Lefschetz number is —1. Since x(fl/r(a)) = 2 — 2g, the 
claim follows immediately. □ 

In fact Corollary 11.31 yields a precise formula for the dimension of the space of 
holomorphic weight k modular forms for the group F(a) (use Shimura's Theorems 
2.24 and 2.25 in [40 ). 
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1.3. Reduction to quaternion algebras. Let A be a central simple F-algebra. 
If A has an involution a of symplectic type (see Def . 12. 3p , then A is isomorphic to 
the opposed F-algebra A°p. This means that the class of A has order two in the 
Brauer group of F. Since the dimension of A is even, it follows from (32.19) in [28] 
that A is isomorphic to a matrix algebra M„(_D) over a quaternion algebra D. 
Therefore we always assume A = Mn{D). 

Let r be the standard involution of symplectic type on Mn{D). Note further 
that in this case cr = int(g) o t for an element g G GL„(Z?) with T(g) — g. Due to 
this observation it is only a minor restriction if we focus on the standard symplectic 
involution r. 

1.4. Structure of this article. In Section [5] give a short general treatment of 
smooth group schemes over Dedekind rings which are associated with orders in 
central simple algebras. In particular we treat integral models of inner forms of 
the special linear group. Further, we consider the fixed points groups attached 
to involutions. An important tool in the proof of the main theorem will be the 
pfaffian as a map in non-abelian Galois cohomology (cf. Section [53]). In Section [3] 
we give an adelic reformulation of Harder's Gaufi-Bonnet Theorem which hinges 
on the notion of smooth group scheme. The calculation of the Lefschetz number is 
based on Rohlfs' method which we summarise in Section[U Finally the proof of the 
main theorem is contained in Section [5] It consists of two major steps. The first is 
the analysis of various non-abelian Galois cohomology sets which occur in Rohlfs' 
decomposition. The second step is the calculation of the Euler characteristics of 
the fixed point groups using Harder's Gaufi-Bonnet Theorem. 

Notation. Apart from Section [5] where we work in a more general setting, we use 
the following notation: F is an algebraic number field and O denotes its ring of 
integers. Let V denote the set of places of F. We have V = 14o U Vf where Voo 
(resp. Vf) denotes the set of archimedean (resp. finite) places of F. Let v G V he 
a place of F, then we denote the completion of at w by F„. The valuation ring 
of Fy is denoted by Oy and the prime ideal in Ov is denoted by pv For a non-zero 
ideal a C O the ideal norm is defined by N(a) :— \0/a\. As usual A denotes the 
ring of adeles of F and Aj is the ring of finite adeles. 

2. Group schemes associated with orders in central simple algebras 

In this section we will investigate the smoothness properties of group schemes 
attached to orders in central simple algebras. Throughout R denotes a Dedekind 
ring and k denotes its field of fractions. For simplicity we assume char(fc) ~ 0. In 
our applications R is usually the ring of integers of an algebraic number field or a 
complete discrete valuation ring. 

The term scheme always refers to an affine scheme of finite type, the same 
holds for group schemes. Recall that a scheme X defined over R is smooth if for 
every commutative i?-algebra C and every nilpotent ideal I ^ C the induced map 
X(C) X{C/I) is surjective. Suppose i? is a complete discrete valuation ring and 
let p denote its prime ideal. We will frequently use the following property: If X is 
a smooth i?-scheme, then the induced map X{R) X{R/p'^) is surjective for every 
integer e > 1 (cf. Cor. 19.3.11, EGA IV, [9,). If G is a group scheme, then we 
denote the Lie algebra of G by Lie(G). 

2.1. The general linear group over an order. Let A be a central simple k- 
algebra and let A be an i?-order in A. Since A is a finitely generated torsion-free 
i?- module, it is a finitely generated projective i?- module (cf. (4.13) in [H])- The 
functor Aq from the category of commutative i?-algebras to the category of rings 
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defined by C H> A (E)j^ C is represented by the symmetric algebra Sr{K*) where 
A* = Honifl,(A, R). In fact it defines a smooth i?-scheme (cf. 19.3.2 in EGA IV [3]). 

Recall that, since A is finitely generated and projective, one can attach to every 
i?-linear endomorphism of A its determinant det((/3) G R. More precisely, here the 
determinant of Lp is just the determinant of the fc-linear extension ® Id^ : A ^ A. 
As usual one defines the norm of an element a; S A to be the determinant of the 
left-multiplication with x. One can check that the norm defines a morphism of 
schemes over R 

Nf^/R-.Aa^A^/R 

to the affine line defined over R. This can be seen, for instance, by observing 
that the norm is a natural transformation of functors. Let C be a commutative 
i?-algebra. An element x £ Ai^nC is a unit if and only if Nf^/ji{x) G . It follows 
from the next lemma that the associated unit group functor GLa : C M- {A®]iC)^ 
is a smooth group scheme over R. 

Lemma 2.1. Let denote the affine line over R. Let X be an affine scheme 
over R with a morphism f : X ^ . The subfunctor 2) (from the category of 
commutative R-algebras to the category of sets) defined by 

C^{y(.X{C)\f{y)^C^} 

is an affine scheme and the natural transformation 2) — X is a morphism of 
schemes. If X is smooth, then 2) has the same property. 

Proof. Let R[X] be the coordinate ring of X and let P E R[X] be the polynomial 
defining /. Note that 2) is canonically isomorphic to the functor 

C>^{{y,z)eX{C)xC\f{y)z = l}. 

Using this it is easily checked that the i?-algebra S := R[X] (g)R R[T]/{P (g) T - 1) 
represents 2). Clearly, S is of finite type since R[X] is of finite type. 

It remains to show that 2) is smooth, whenever X is smooth. Assume X to be 
smooth and take a commutative i?-algebra C with an ideal J such that — 0. By 
assumption X{C) X{C / J) is surjective, so given y £ 2}(C/J) we find x £ X{C) 
projecting onto y. By assumption f{x) + J is a unit in C/J. In particular, we 
find z £ C with f{x)z G 1 + J. However, 1 + J consists entirely of units and thus 
f(x) e C^. We deduce that 2) is smooth. □ 

To stress this once more: in this article GLa is always a functor and not a group. 
If we take A — R then we call GLa the multiplicative group (or multiplicative group 
scheme) defined over R, and we denote it by Gm. Note that the norm defines a 
homomorphism of i?-group schemes 

Na/a ■ GLa — s> Gm- 

We also point out that the Lie algebra of GLa can be (and will be) identified with 
Aq in a natural way. 

2.2. The special linear group over an order. 

2.2.1. Reduced norm and trace. Let A be a central simple fc-algebra, we consider 
the reduced norm and trace (for definitions see section 9 in [5S] or IX, §2 in [13]). 
It was observed by Weil that the reduced norm and trace are polynomial functions. 
We reformulate this in schematic language: There is a unique element mdA/k 
in the symmetric algebra Sk{A*) (here A* = Komk{A,k)) such that for every 
splitting field i of A and every splitting (p : A®k t — >■ Mn{t) the induced map 
S{lp*) : Se{Mn{i)*) -)> Sk(A*) (g)^ i maps the determinant to nrd^/^igl. Similarly 
there is the reduced trace trdyi/^ G A* with an analogous property. 
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Let A C A be an i?-order. We show that the reduced norm and trace are defined 
over R in the appropriate sense. For the reduced trace this is easy: Elements in A 
are integral over R, hence the reduced trace takes values in R on the order A and 
defines an i?-linear map A — ^ i?. In particular we obtain a morphism of schemes 
over R 

trdA/fl, : Aa AVi?- 
Consider the reduced norm. From (9.7) in [28j one can deduce that nid^^f. and 
Na/_r agree as elements in the coordinate ring Sk{A*). However, the coordinate 
ring Sr{A*) of A^ is integrally closed in Sk{A*) and we conclude that the reduced 
norm is defined over R. This means that there is a polynomial nrdA/jj £ Sr{A*) 
which defines the reduced norm as a morphism of i?-schemes 

nrdA/fl : Aa ^ 

We can also restrict the reduced norm to the unit group and obtain a homomorph- 
ism of group schemes 

nrdA/fl : GLa Gm/R- 

Definition 2.1. The special linear group SLa over the order A is the group scheme 
over R defined by the kernel of the reduced norm, this is 

SLa = ker(nrdA/7j : GLa G„i). 

2.2.2. Smoothness of the special linear group. Whereas the general linear group is 
always smooth, independent of the chosen order, the smoothness of the special 
linear group depends on the underlying order. Recall the following useful result. 

Proposition 2.2 (Smoothness of kernels). Let f : G ^ H be a morphism between 
two smooth group schemes over R. If the derivative d(/) : Lie(G')(-R) — > Lie(-ff)(-R) 
is surjective, then the group scheme K :— ker(/) is smooth over R. 

Proof. This follows from the theorem of infinitesimal points (see [7| p. 208]) and 
some easy diagram chasing. □ 

As a matter of fact the derivative of the reduced norm d(nrdA/_R) : Aa is 
the reduced trace. Having this in mind we make the following definition. 

Definition 2.2. An _R-ordcr A in a central simple /c-algebra is called smooth if the 
reduced trace trdA/_R: A — i? is surjective. 

Note that smoothness of orders is a local property. 

Corollary 2.3. // the order A is smooth then the scheme SLa is smooth. 

Proof. This follows immediately from Proposition 12 .21 using the fact that the deriv- 
ative of the reduced norm is the reduced trace. □ 

In fact, also the converse statement holds under the assumption char(i?) — 0. 
However, we shall not need this result. The next proposition shows that smooth 
orders exist. 

Proposition 2.4. Assume that R/p is finite for every prime ideal p. Then every 
maximal R-order in a central simple k-algebra is smooth. 

Proof. Let A be a central simple fc-algebra and let A C A be a maximal i?-order. 
Since A is maximal in A if and only if all p-adic completions are maximal orders (see 
(11.6) in [28]), and since smoothness of A is a local property, we may assume that R 
is a complete discrete valuation ring. Recall that A is isomorphic to a matrix algebra 
Mr{D) over a central division algebra D. Moreover, D has a unique maximal R- 
order A C D and A is (up to conjugation) the maximal order Mr{A) in A (see (17.3) 
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in [2E])- It is known that the reduced trace of a matrix x — {xij)l ^^-^ S Mr{D) is 
given by 

r 

trd^/fe(a;) = ^trdo/kixu) 

i=l 

(cf. Cor. 2, IX. §2 in jiS])- Hence we may assume that A = D is a. division algebra 
and A = A is the unique maximal order. Let dim^ _D = and let £/k be the 
unique unramified extension of k of degree [£ : k] = n. The field £ embeds into D as 
a maximal subfield and the reduced trace trd^i on the elements of £ agrees with 
the field trace Tie/k (cf. proof of (14.9) in [2S]). Let denote the valuation ring 
of £. The image of Oi under the embedding £ ^ D lies in the maximal order A. 
Finally the surjectivity of tidu : A — i? follows from the well-known surjectivity 
of the field trace Trp/k : oe ^ R. □ 

2.3. Involutions and fixed point groups. Let A be a central simple fc-algebra. 
An involution r on A is an additive mapping t : A ^ A of order two such that 
T{xy) = T{y)T{x) for all x,y € A. We say that r is of the first kind if r is fc-linear. 
Otherwise, we say that r is of the second kind. In this article all involutions are 
of the first kind unless the contrary is explicitly stated. We will mostly focus on 
involutions of symplectic type. 

Definition 2.3. We say that an involution r on A is of symplectic type, if there is 
a splitting field £ of the algebra A, a splitting 

If : A(g)k£ ^ M2n{£) 

and a skew symmetric matrix a S M2n{£) satisfying (^(r(x)) = a(p{x)'^ for all 
elements x G A (S)k £■ If this is the case, then every splitting (over any splitting 
field) has this property. 

Let T : A —i' A he a,n involution of the first kind. Let A be an i?-order in A and 
assume that A is r-stable. Since t : A — s- A is _R-linear, we obtain a morphism of 
i?-schemes 

T-.Aa^ Aa- 

We restrict r to the unit group GLa and compose it with the group inversion to 
obtain a homomorphism of group schemes 

T* : GLa GLa . 

We define G(A, r) to be the group of fixed points of r* , this is, for every commutative 
i?-algebra C we obtain 

G(A, t)(C) = {xe{A(E)R C)^ I t{x)x = 1 }. 

We analyse the smoothness properties of group schemes constructed in this way. 
Define Sym(A,T) = { a; G A | t{x) = x} and note that this i?-submodule of A is 
even a direct summand of. 

Lemma 2.5. For every commutative R-algehra C, every y S A®b.C and every 
X £ Sym(A, r) ®ji C we have T{y)xy £ Sym(A, r) ®u C . 

Proof. We can write y = Ui ® Ci for certain e A and c; G C . The claim is 
linear in x, hence we may assume x = e® c with e € Sym(A,T) and c G C. We 
calculate 

'T{y)xy = ^T{ui)euj 



E 



T{ui)eui ® cc^ + ^^(T(iii)eMj + T{uj)eui) ® cCiCj, 
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and we see that T{y)xy is in Sym(A, r) G since T{ui)eui and T(ui)euj + T{uj)eui 
are elements of Sym(A, r). □ 

Definition 2.4. The order A is called r-smooth if the map s : A —> Sym(A,r) 
defined by x i— > .t + t{x) is surjective. 

Clearly r-smoothness is a local property. 

Proposition 2.6. // an R-order A is r-smooth, then the scheme G{A, r) is smooth. 

Proof. We set G := G{A,r). Let C be a commutative i?-algebra with an ideal 
I C such that = 0. We have to show that the canonical map G{C) — ?• G{C /I) 
is surjective. Take y € G{C/I). Since the unit group scheme GLa is smooth (see 
I2.ip . we find y G GLa(C) = (A eg) C)^ which maps to y modulo /. Since y is in the 
fixed point group of r* , this implies that 

T{y)y = f + p 

with some p G A (g) /. 

We consider E :— Sym(A,T) and we obtain r{y)y G E 0^ C by Lemma 12.51 
Consequently, there ]s u & K®rC such that r{u) + u = y. Moreover, we have 
1 G E, thus there is some w G A (^^r C with r{v) + v = I. We deduce that 
p — r(u — v) + {u — v) is an element in E ®n C, and thus 

p(^{E®RC)r\ (A ®R I)^E®rI 

As last step we use once again that A is r-smooth and deduce that there is some 
w & K® I with p = t(w) + w. Wc put y' := y{l — w), which is congruent y modulo 
/ and satisfies 

'''iy')y' — (1 ^ '''(w))T(j/)j/(f — ui) = (f — t(w))(1 + /3)(f — w) — 1 + p — r{w) ~w — 1. 
Therefore y' G G{C) and y' maps to y G G{C / 1) under the canonical map. □ 

It is possible to prove also the converse statement, however, this will not be 
needed in the sequel. 

2.4. Involutions of symplectic type and the pfafRan. Let A be a central 
simple fc-algebra with an involution of symplectic type r. Let A be a r-stable 
i?-order in A. 

2.4.1. The pfaffian. Set E :— Sym(A, r) in the notation of section [2731 The inclu- 
sion L : E ^ A induces a morphism of i?-algebras 

S{i*) : Sr{A*) Sr{E*). 

Recall that the reduced norm is given by a polynomial function nrd^/i? G Sr{A*) 
(seeEXJ). We define nrd|£; := S'(t*)(nrdA/_R) G Sr{E*). We wih construct a 
pfaffian, i.e. a polynomial pf^ G Sr{E*) such that nid^E = pf^- 

Let L/k be any field extension. It follows from (2.9) in [TH] that for every 
X G E®rL the reduced norm nrd|£;(a;) is a square in L. Therefore, we may deduce 
that there is a polynomial / G Sr{E* ) such that 

/2 = nrd|£; . 

We normalise this polynomial pf^ := ±/ such that pf7-(f) — I and we call pf^ the 
pfaffian with respect to r. 

Lemma 2.7. Let S{r*) denote the automorphism of the symmetric R-algebra 
Sr{A*) which is induced by r. The following assertions hold: 

(i) 5(T*)(nrdA/_R,) = nrdA/^, and 
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(ii) for all y £ A (gJi? C and all x G Sym(A,T) ®r C , we have 
pi^{T{y)xy) = mdf,/ ji{y) pi ^(x), 
where C is any commutative R- 



Proof. To prove the first claim we may work over fields. However, over fields this 
is the well-known statement (2.2) in |19j . 

The same proof works for the second statement. Note that T{y)xy lies in 
Sym(A,T) C by Lemma [^751 Both are polynomial functions on A x Sym(A,T). 
If they agree over all fields then they agree as polynomials. However, over fields 
this is the resuh (2.13) in 19 . □ 

Remark 2.1. Consider the fixed point group scheme G = G(A,t) associated with 
T. Let X € G{C) for some commutative i?-algebra C. We see from t{x)x — 1 and 
Lemma 12.71 that 

nrdA/_R(a;) = pf^(T(x)a;) = pf^(l) = 1. 
Hence the reduced norm restricts to the trivial character on (^(A, r). 

2.4.2. The cohomological pfaffian. We study non-abelian Galois cohomology of r* 
with values in the groups GLa(C) and SLa(C). For the definition of non-abelian 
cohomology we refer the reader to [35], [Ml p. 123-126] or [H Ch. VII]. We shah 
in this context often denote r and r* by left exponents, i.e. we write x for t*{x). 

Let C be a commutative i?-algebra and assume that C is flat as i?-module. A 
cocycle b G Z^{t* , GLa(C)) is an element of (A C)^ which satisfies b"^ b — 1, oi 
equivalently b = ^6. In other words 

Z\t*, GLa(C)) = Sym(A C, t) D GLa(C). 

The assumption that C is fiat yields that Sym(A ®r C, t) = Sym(A, r) C. 
Therefore we can apply the pfaffian associated with t to cocycles in (r* , GLa (C)). 
Two cocycles b and c are cohomologous if there is y G GLa(C) such that b = ^ycy. 
In this case it follows from Lemma [2.71 that pfT-(&) = nrdA/H(y) pfr (c)- Therefore 
the pfaffian defines a morphism of pointed sets 

pf, : H\T*,Gh^{C)) ^ CVnrdA/i?,(GLA(C)). 

By the same reasoning we obtain a morphism of pointed sets 

pi^ : H\t* ,Shf^{C)) ^ {x e \ x^ = l}. 

For simplicity we introduce the notation C^"^^ { x G | = 1 } and we define 
CI := nrdA/fl,(GLA(C)). 

Proposition 2.8 (The cohomological diagram for symplectic involutions). Let r 

be an involution of symplectic type on A and let A be a r-stable R-order. For 
every commutative R-algebra C which is fiat as R-module, there is a commutative 
diagram of pointed sets with exact rows. 

C(2)nC7^ — ^ H\t*,SLa{C)) H\t*,GLa{C)) CV(C^a)' 



The map 5 is injective and the lower row is an exact sequence of groups. Here 
denotes the map induced by the inclusion j : SLa(C) — > GLa(C). 
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Proof. The short exact sequence of groups 

1 SLa(C) ^ GLa(C7) ^ ^ 1 

is even an exact sequence of groups with r* -action, where r* acts on by in- 
version. Consider the initial segment of the associated long exact sequence in the 
cohomology (see Prop. 1.38 |36)): 

1 sla(C)"* ^ gla(C)"* ^ n . . . 

It follows from Remark [O that SLa(C)^' GLa(C)''* is bijective. Thus the 
long exact sequence takes the form 

1 ^C;^ nC(2) H\t*,SLa{C)) H\t*,GLa{C)) ^ H\t*,C]^). 

It is easy to see that i?i(r*,C^) = C^/(C^)2 which is a subgroup of C^/(C;^)2. 
Hence we simply replace the last term by C^/(C^)^. This yields the upper row of 
the diagram. It is an easy exercise to verify that the lower row is an exact sequence 
of groups. 

It remains to verify the commutativity of the rectangles. The middle one is 
obviously commutative by definition of the pfaffian in the cohomology. For the last 
rectangle we simply use that pf^(5)^ — nrd(g) for all g £ Z^(t*, GLa(C)) by the 
construction of the pfaffian. 

Consider the first rectangle. We recall the definition of the connecting morph- 
ism S: Given c G n C^^\ we can find an element g E GLa(C) such that 
nrdA/fl(<?) = c, then (5(c) is defined to be the class of g^^^ g- The pfaffian of 
g-^ ^'g is 

Pfr(ff"^ ^ 5) = nrd(.g)"^ = c"^ = c 
(see Lemma [2. 7p . This proves the commutativity of the first rectangle. 

Finally, note that S is injective since pf^ o5 is injective. □ 

Corollary 2.9. An element x G iJ^(T*, GLa(C)) lies in the image of if and 
only ifpi^{x) lies in the image of the canonical map C^^^ — ^ /C^. 

Proof. Let a : C*^^^ C' /C^ denote the canonical map. Suppose the class 
X G H^{t*, GLa(C)) is in the image of j, , then we obtain immediately that pf^(a;) 
lies in the image of a. 

Conversely, suppose pf^(a;) = a{u) for some u G C(2) . Then the dia gram shows 
that nrdA/fl(x) = 1 in C^/(C^)^ and therefore x lies in the image of j*. □ 

Remark 2.2 (Twisting involutions). Let A be a central simple fc-algebra with an 
involution t of symplectic type and let A be a T-stable -R-order. 

Given an element b G Sym(A, r) n A^, we can twist the involution r with b. 
More precisely, we define T\b : A A hy x 1-^ b'^xb^^ . It is easily verified that this 
is again an involution on A, and since G A^, the order A is T|6-stable. Note that 
t|& is again an involution of symplectic type. 

Suppose A is r-smooth, we claim that A is T|fe-smooth as well. Take an ele- 
ment y G Sym(A,r|6), this is j/ = b'^yb^^. Consequently, yb G Sym(A,T) and by 
T-smoothness there is an element z G A which satisfies '^z + z — yb. The element 
& is a unit in A, hence we may write z = wb for w — zb^^ G A and it follows that 
'^^\) + w = y. We have shown that A is r|6-smooth. 

Finally, for aU b G Sym(A, r) n A^ we have (r|6)* = int(6) o r* on the group 
scheme GLa. Since b — "^6 is equivalent to b'^ b — 1, such an element 6 is a cocycle 
for H^{t* , A^). If we now twist r* with the cocycle b (cf. Section |4]), we obtain 

T*|6:=int(6)oT* (rj^)*. 
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2.5. Hermitian forms and non-abelian Galois cohomology. We shall also 
need a result due to Fainsilber and Morales from the theory of hermitian forms. 
Let A he a central simple fc-algebra and let r be an involution on A. In this short 
section it is not important whether or not r is of the first or of the second kind. 

The notion of r-smoothness is related to the theory of even hermitian forms. Let 
A be a r-stable i?-order in A and let M be a finitely generated and projective right 
A-module. A hermitian form h (or more precisely a 1-hermitian form) with respect 
to r on M is said to be even if there is a r-sesquilinear form s : Af x Af — > A such 
that h ~ s + s* . Here s* is the sesquilinear form defined by 

s*{x,y) := ^s{y,x). 

It follows immediately that A is r-smooth if and only if every hermitian form on A 
(considered as right A-module) is even. This is useful since even hermitian forms 
can be handled easier than arbitrary hermitian forms. 

We consider the automorphism r* of A^ defined as the composition of r and the 
group inversion. Similarly we obtain r* on A^ . Here it is not necessary to consider 
T* as a morphism of group schemes, which is a little bit more tedious if r is of 
the second kind. We will need a Theorem of Fainsilber-Morales in the following 
paraphrase: 

Theorem 2.10 (Fainsilber, Morales [8 ). Let k be a field which is complete for 
a discrete valuation and let R be its valuation ring. Let A be a central simple It- 
algebra with involution r. Suppose A is a r-stable maximal R-order in A. If A is 
T-smooth, then the canonical map 

j^:H\T*,A'')^ H\t\A'') 

is injective. 

Compared with [5] we add the assumption of r-smoothness to eliminate the 
restriction on the residual characteristic. The proof is almost identical. 

3. An adelic reformulation of Harder's Gauss-Bonnet Theorem 

We briefly describe an adelic reformulation of Harder's Gaufi-Bonnet Theorem 
(see [in]) which hinges on the notion of smooth group scheme. 

Let F be an algebraic number field and let O denote its ring of integers. Let G 
be a connected semisimple algebraic group defined over F. We denote by Goo the 
associated real Lie group, i.e. 

G^ = GiF®QR)= II G{F,). 
The group Goo is a real semisimple Lie group. 

3.1. The Euler-Poincare measure. We define what we mean by the compact 
dual group of Goo, since the definition differs from author to author. Let 0oo be 
the real Lie algebra of Goo and let goo,c denote its complexification. Moreover, let 
iCoo be a maximal compact subgroup of Goo and consider the associated Cartan 
decomposition 

floo = ^oo © P- 

The real vector space u := foo © «P C goo.c is a real Lie subalgebra of 0oo,c and is 
even a compact real form of floo, c (cf. [Ml p. 360]). Let Gu be the unique connected 
(a priori virtual) Lie subgroup of G{F (8)q C) with Lie algebra u. Since the real 
semisimple Lie algebra u is a compact form, the Lie group G„ is compact and thus 
closed in G(F(8)qC) (see IV, Thm. 4.69 in [IB])- Further we see that the connected 
component is a subgroup of G„. We say that G„ is the compact dual group of 
Goo containing K^. Note that the dual group depends on the algebraic group G. 
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Let B : 0oo x 0oo M be a non-degenerate R-bilinear form such that ^oo and 
p are orthogonal. We extend B the a C-bihnear form (again denoted B) on goo,c- 
Note that B restricted to u is a non-degenerate R-bihnear form u x u ^> R. We 
obtain corresponding right invariant volume densities on Goo and on G„ which will 
be denoted by |vo1b|. 

We define X := Koo\Goo- Let F C G{F) be a torsion- free arithmetic group. 
Harder's GauB-Bonnet Theorem shows that integration over Goo/r with the Euler- 
Poincare measure /i^ (cf. Serre [371 §3]) yields the Euler characteristic of F - even if 
F is not cocompact. Via Hirzebruch's proportionality principle one has the following 
formula for the Euler-Poincare measure on Goo (cf. Harder [TU] and Serre [37 ). 

Theorem 3.1. // dim(X) is odd or «/ rk(too,c) < i'k(goo.c); then ji^ — Q is the 
Euler-Poincare measure. Otherwise, «/ rk(goo,c) = i'k(too,c) and dim(X) = 2p is 
even, then 

(-ir|W^(floo,c)| wl| ,1 

''x •= (r \\ \w(* ^ vo1b(G„) I vols I . 

Here 7ro(Goo) = Goo/G^ and W{Qoo,c) (resp. W^(*oo,c)j denotes the Weyl group of 
the complexified Lie algebra 0oo,C (resp. ioo,c)- 

3.2. The adelic reformulation. Let A denote the ring of adeles of F and let A/ 

denote the ring of finite adeles. Let G be a connected semisimple algebraic group 
defined over F. Let Kf C G{Af) be an open compact subgroup of the locally 
compact group G{Af). Borel showed that G(A) is the disjoint union of a finite 
number m of double cosets, i.e. 



G(A) ^ [_] GooKfX,G(F) 



1=1 

for some representatives xi,...,Xm G G{Af) (see Thm. 5.1 in iBj). For every 
i = 1, . . . ,m we obtain an arithmetic subgroup F^ C G{F) defined by 

F, ■.= G{F)nx^^KfX,. 

There is a Goo-equivariant homeomorphism 

m 

(1) Kf\G{A)/G{F) ^ □ Goo/F.. 

i=l 

Here the right hand side denotes the topologically disjoint union. 

Remark 3.1. Define X = KodXGoo- Suppose that G{F) acts freely on KooK f\G{A). 
This is the case if and only if the groups F^ are torsion- free for all j = 1, . . . , m. If 
dim{X) is odd or if rk(*oo,c) < rk(goo,c), then 

x(Xooi^/\G(A)/G(F)) = 0. 

This follows immediately from Harder's Gaufi-Bonnet Theorem and the homeo- 
morphism in equation ([T]). 

Note further that if F has a complex place, then rk(€oo,c) < i'k(0oo,c) is always 
satisfied. Therefore we may restrict to the case where F is totally real. 

3.2.1. The Tamagawa measure. We derive a description of the Tamagawa measure 
in terms of the local volume densities. For a thorough definition of the Tamagawa 
measure we refer the reader to Oesterle [2S]. Let G be a connected semisimple 
linear algebraic i^-group of dimension d. Let g — Lie(G)(F) be the Lie algebra of 
G over F. 

Fix a non-degenerate _F-bilinear form B : Qxg ^ F on the Lie algebra. For every 
place V G V wc have the left invariant volume density |vo1b|^ attached to B on the 
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F„-analytic manifold G(F„). More precisely, the volume density is uniquely determ- 
ined by the relation |vo1b| (ei A • • ■ A e^) = | det(-B(ei, ej))|^/^ for all ei, . . . , G fl. 

We fix Haar measures fiy on Fy for every place v such that 

• iJv{Ov) = 1 if I! e V/ is a finite place, 

• /Xt,([0, 1]) = 1 if t; is a real place, and 

• /x„([0, 1] + [0, l]i) = 2 if t; is a complex place. 

Using these choices of Haar measures a density on G{Fy) defines a measure on the 
analytic manifold G{Fy). 

Lemma 3.2. Let G be a d-dimensional semisimple connected linear algebraic group 
defined over F . Fix a nan- degenerate F-bilinear form B : q x g ^ F on the Lie 
algebra. Then the Tamagawa measure on G{A) is given by 

T=\dp\-'/'l[\yolBl. 

vev 

Proof. Let ei, . . . , be a basis of g over F and take the dual basis £i, . . . , of 
Homi;'(g, F). We define a non-trivial form of highest degree oj = ei A ■ ■ ■ A sa on q. 
By definition of the volume density we have 

|vobL = |dct(B(e„e,))iy' I^L- 
By the product formula we know that | det(i?(ej, ej))|„ = 1 for almost all places v 
and further that Hwey I det(B(ei, ej))\y = 1. □ 

3.2.2. The modulus factor. We focus on the case where the algebraic group has 

a smooth O- model. Let G be a smooth group scheme defined over O. For any 
commutative O-algebra R we write qr := Lie(G)(i?) to denote the i?-points of the 
Lie algebra of G. Let B : gp x gp ^ F he a non-degenerate F-bilinear form. For 
every finite place v G Vj wo define the modulus factor rn.{B)y as follows: take an 
O^-basis ei, . . . , e„ of the free O^-modulc gy :— go^, and define 

m{B)y |dct(B(e„ej))iy^ 

For almost all finite places v G Vf we have m{B)y = 1. To see this, take an F-basis 
of gp and note that it is an O^-basis of g^ for almost all finite places v. This allows 
us to define the global modulus factor m{B) := Hwev) fn{B)y. 

3.2.3. Congruence groups. In the adclic formulation of Haider's Gaufi-Bonnet The- 
orem we focus on congruence groups which are given by local data. Let G be a 
smooth O-group scheme. For every finite place u e V/, let > 1 be a natural 
number and we assume that = 1 for almost all v ^Vf. Let w be a finite place 
and let p„ C Oy be the unique prime ideal in Oy. We define TTy to be the reduction 
morphism 

TT, :G(a)^G'(a/p?). 

Further, we assume that we are given a subgroup Uy of the finite group G(C't,/p"") 
for every place v G Vf. For a place f G V/ the group Ky{U) := Tr~^ (Uy) is an 
open compact subgroup of G{Oy). If we additionally impose the assumption that 
Uy = G{Oy/py'') for almost all v, then the group 

K{U) := n Ky{U) 

veVf 

is an open compact subgroup of the locally compact group G(A/). We say that 
K{U) is the congruence group associated with the local datum 

U = {Uy)y = {Uy,ay)y 

(usually the numbers ay are considered to be implicitly a part of the datum U). 
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3.2.4. The adelic Euler characteristic formula. Let _F be a totally real number field. 
Let G be a smooth group scheme over O such that GxqF \sa. connected semisimple 
group. For every real place v we choose a maximal compact subgroup C G{Fy). 
The real Lie algebra of Ky will be denoted The product Koo = Y\y(=v^ 
a maximal compact subgroup of the associated real Lie group Goo • We denote the 
Lie algebra of Koo by i. 

Let B : 0fX0f — > Fbean i^-bilinear form. We say that B is nice with 
respect to K^o if B is non-degenerate and for every real place v G Voo the Cartan 
decomposition w.r.t. iy is orthogonal with respect to B. A nice form induces a 
non-degenerate bilinear form B : q^d x Qoo M by defining the Lie subalgebras 
Qi, = Lie(G(F„)) to be orthogonal. Note that the form B satisfies the requirements 
of Theorem 13.11 

Theorem 3.3. Let G be a smooth group scheme over O such that G Xq F is a 
connected semisimple group of dimension d. We fix any nice form B : 2fX&f F. 
Furthermore, let Kf — K{U) be a congruence subgroup of G(A/) given by a local 
datum {U,a) such that G{F) acts freely on KocKf\G{A). 

If dim(X) — 2p is even and rk(£c) = ^^{Boo.c), then the Euler characteristic of 
KooKf\G{A)/G{F) is given by 

xiK^Kf\G{A)/G{F)) 

= {-lY\dF\' vo1b(G„) m{B) II I I . 

Here t(G) is the Tamagawa number of G, N(p„) denotes the cardinality of the 
residue class field Oy/pv, and Gu denotes the compact dual group of G'^ (the re- 
maining notation is as in Theorem \3.1\) . 

Proof. Let xi, . . . , Xm G G(A/) be representatives of the finitely many double cosets 
in GooK f\G{A)/G{F). We consider the torsion-free arithmetic groups defined 
as Fj :— G{F) n x^^KfXi. Let be a Borel measurable fundamental domain for 
the right action of F^ on Goo • Here we mean a fundamental domain in the strict 
sense, i.e. Ti is a set of representatives for Goo/F^ (for the existence of measurable 
fundamental domains see Bourbaki - Integration, VIL§2 Ex. 12 [5,). The set T 
defined as the union \J^i TiKfXi C G(A) is a Borel measurable fundamental 
domain for the right action of G{F) on G(A). We write |vo1_b|^ = n^ey^ |vo1_b|^ 
and Ivolsly := HueV/ I'^o^sly Due to Theorem 13. II we have 

x{K^Kf\G{A)/G{F)) = ^(^/rO = A ^ / |vob |^ 

1=1 j = l •'^i 

where A = (— 1)p voIb{Gu)^^ . By multiplication with the volume of 

Kf, which is simply volB{Kf) = |vo1b|^, and by Lemma 13.21 we obtain 

E/ |vobLvob(if/)= / l[\vo\Bl = \dpf' [ r^\dFf'r{G). 

This means, we have 

x{K^Kf\G{A)/G{F)) ^ Xldpf^^ T{G)yo\B{Kf)-\ 

Finally we are left with the task of determining vo\B{Kf). We shall exploit that Kf 
is given by the local datum {U,a). Since vol_B(^i^/) = IltieVy: "^oIb{Kv{U)) and the 
scheme G is smooth, we can apply a Theorem of Weil (for a modern formulation 
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see Prop. 2.5 in [SS] or Thm. 2.5 in [51) in every finite place to deduce 

\Uv\ 



Now the claim follows readily. □ 

4. ROHLFS' METHOD 

In this section we give a short summary of Rohlfs' method for the computation 
of Lefschetz numbers. 

Let F be an algebraic number field and let G be a linear algebraic group defined 
over F. We assume that G has strong approximation. For example, unipotent 
groups and _F-simple, simply connected groups with a non-compact associated Lie 
group have strong approximation (see p. 427 in |27)). Choose a maximal compact 
subgroup Koo C Goo and set X := Koo\Goo ■ Furthermore, let Kf C G(A/) be an 
open compact subgroup and let F := G{F) n Kf be the arithmetic group defined 
by this open compact subgroup. There is a homeomorphism 

X/T ^ K^Kf\GiA)/GiF). 

To see this, consider with the inclusion Goo G(A) and use strong approximation 
to observe that it factors to such a homeomorphism. Recall that F is torsion-free 
if and only in G{F) acts freely on K^oK f\G{A). 

Let T be an automorphism of finite order of G. We can choose Kao such that 
it is T-stable. We further assume that Kf C G(A/) is a r-stable open compact 
subgroup. We obtain an action of r on the double coset space 

S{Kf) K^Kf\GiA)/G{F). 

We describe the set S{Kf Y of r-fixed points following Rohlfs [22] under the as- 
sumption that G{F) acts freely on K^qK f\G{K). 

Consider the finite set H^ir) defined as the fibred product 

n\T):=H\T,KooKf) X H\t,G{F)). 

ifi(T,G(A)) 

of non-abelian cohomology sets. Here we usually write r instead of the finite group 
(r) generated by r. We consider H^(r) as a topological space with the discrete 
topology. Rohlfs constructed (cf. 3.5 in [32]) a surjective and continuous map 

In particular the fibres are open and closed in S{KfY and we get a decomposition 
(2) S{KfY = □ d-\f^). 

Let 7 e Z^{t,G{F)) be a cocycle. The 7-twisted r-action on G, defined by 
'^^''(x) = 'jr'^xj:^^, is an automorphism defined over F and the group of fixed 
points is a linear algebraic group which will be denoted G{-y). Similarly, given 
a cocycle k G Z^{t, KooKf) we define the fc-twisted action of r on K^oKf by 
"^'^7 := kr '^gk~^. The corresponding group of fixed points under this action will be 
written (KociKf Y^'' . Rohlfs obtained the following description of the fibres of d. 

Lemma 4.1 (Rohlfs, see 3.5 in [32]). Let Kf C G{Af) be a r-stable open compact 
subgroup such that G{F) acts freely on KooKf\G{A). 

Let 77 G T-L^ij) be a class represented by a pair of cocycles (A;, 7) with {ks)s in 
Z^{T,K^Kf) and (7^)5 G Z^{t,G{F)). Take a € G(A) such that "a = kj^a^is for 
all s £ (r) . There is a homeomorphism 

a-\K^KfyK\G{j){A)/Gij)iF) ^ ^-\r,). 



16 



S. KIONKE 



Combined with the next theorem this yields a method for the computation of 
Lefschetz numbers which we simply call Rohlfs' method. 

Definition 4.1. Let p : G ^ GL{W) be a rational representation defined over the 
algebraic closure F oi F. Here is a finite dimensional F- vector space. Given an 
action of the finite group (r) on W. We say that this action is compatible with p, if 

Xp{g)v) = pi^g)^v 

for a\lveV,se (r) and g £ G{F). In other words is a {G{F) xi (T))-module. 

Let p : G ^ GL{W) be a rational representation and let F C G{F) be a torsion- 
free arithmetic subgroup. If W is equipped with a compatible r-action then we 
define the Lefschetz number of t with values in W as 

oo 

Cir, F, W) := ^^(-l)' Tr(r' : H\r, W) -> H\r, W)) . 

i=Q 

Since torsion- free arithmetic groups are of type (FL), this is a finite sum. 

Given a cocycle b — {bs)s & H^{t,G{F)) one can define the 6-twisted r-action 
on W by 

^IV = br^w 

for all w £W. We write W{b) to denote the space W with the 6-twisted r-action. 
We need the following slight paraphrase of a theorem of Rohlfs. 

Theorem 4.2 (cf. Rohlfs [22]). Let G be an algebraic F-group with strong ap- 
proximation and let r be an automorphism of finite order defined over F . Let 
Kf C G{Af) be a r-stable open compact subgroup such that F ;= G{F) n Kf is 
torsion-free. Let p : G ^ Gh{W) be a rational representation defined over F with 
a compatible T-action. Then we have 

C{r,T,W) ^ ^ xi^'Hv))T^ir\W{b,)), 

where 6^ G G{F) is any representative of the H^{t,G{F)) component ofrj. 

Proof. This follows from Rohlfs' decomposition (see equation ^) and a suitable 
Lefschetz fixed point principle, for instance [15]. □ 

5. Proof of the main theorem 

5.1. Introduction. In this section we compute the Lefschetz number of an in- 
volution of symplectic type on principal congruence subgroups of inner forms of 
the special linear group. For this purpose we combine the tools developed in the 
previous sections. 

One should keep in mind that the central result is the adelic Lefschetz number 
formula in Theorem 14.21 Whenever we want to apply this theorem, there are two 
important steps to do. First step: understand the involved first non-abelian Galois 
cohomology sets. Second step: compute the Euler characteristics of the fixed point 
components. In the second step we use the adelic formula in Theorem 13.31 obtained 
from Harder's Gaufi-Bonnet Theorem. 

First we introduce some notation, then we begin to determine various non-abelian 
cohomology sets. In the third subsection we describe the fixed point groups and we 
compute their Euler characteristics. Finally we prove the main theorem. 

As before F denotes an algebraic number field and O denotes its ring of integers. 
Let Z? be a quaternion algebra over F, i.e. a central simple -F-algebra of dimension 
four. Note that, even though we use the symbol D, the quaternion algebra D 
is in general not assumed to be a division algebra. Given a place v, we define 
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Dy :— D (E)p Fy. If Dy is isomorphic to M2{Fv), we say that D splits at the 
place V. Otherwise Dy is a division algebra and we say that D is ramified at v. 
Let Ram(_D) C be the finite set places where D ramifies, and let Ram/(Z?) 
(resp. R'AuiooiD)) denote the subset of finite (resp. archimcdean) places. 

Definition 5.1. The signed reduced discriminant Ard{D) oi D is the integer 
A„,(i^) := (-1)'^ n N(p). 

peRamy(D) 

where r — \ Ramoo (D) \ . 

5.1.1. The canonical involution. On the quaternion algebra D we have the canonical 
involution., sometimes called conjugation, 

Tc : D ^ D denoted by x M> x. 

Given a description as D — Q{a,b\F) with a,b d , i.e. there is a basis l,i,j,ij 
of D with — a, — b and ij = — ji, then the conjugation is defined by 

Tc : xo + xii + X2j + x^ij Xq - xii - X2j - x^ij- 

Note that the conjugation is F-linear, i.e. it is an involution of the first kind on D. 
Moreover, Tc is an involution of symplectic type. 

The elements fixed by conjugation are precisely the elements of F . The conjug- 
ation is related to the reduced norm and trace of D by 

trdD(a;) = x + x, 
nrdc [x) = XX ~ xx 

for all X in D. 

5.1.2. Orders. Let be an O-order in D. Then A^i is Tc-stable, as can be seen 
as follows: Let x ^ Ajj, then 

X — X + x — X = trdjj^x) — X. 

Recall that trd_D(x) 6 O because x is integral. Since O C Ajj, we obtain x £ Ad- 
Moreover, it follows directly from the definitions that is smooth if and only if 
Ad is Tc-smooth (see Def. [22]and Def. [2^ . 

We will assume from now on that Ad is a maximal O-order in D. In particular, 
it is a smooth and Tc-smooth order (see Prop. [^^ . 

Let n be a positive integer. Consider the central simple F-algebra 

A := Mr,{D) 

of n X n-matrices with entries in the quaternion algebra D. The canonical involution 
on D induces an involution t on A defined by 

t{x) := '^x :— xF , 

i.e. conjugate every entry in the matrix x and then transpose the matrix. It is easily 
checked that this defines an involution of symplectic type on A (cf. (2.23) in fT5]). 

Lemma 5.1. Let Ad ^ D be a maximal O-order. The O-order A = M„(Ac) in 
A is maximal, r-stable, .smooth and r-smooth. 

Proof. Since A^ is stable under conjugation, it is obvious that A is r-stable. 
Moreover, it follows from (21.6) in [55] that A is a maximal O-order. In turn 
Proposition shows that A is also a smooth order. 
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Finally we need to check that A is r-smooth. Let x £ Sym(A, r) be an element 
which is fixed by r. This means that x = {xij) satisfies 

Xij — xji for all i ^ j, and 

xu 6 O. 

The order Ad is smooth, therefore there is, for every i = l,...,n, an element 
Zi G Ad with trdo (zi) = Zi+Yl = xa. Now we define the upper triangular element 
2/ e A by 







iii> j 




1 -^U 


Hi < j 




yzi 


if i = j 



and it is easy to see that y + '^y = x. We deduce that A is r-smooth. □ 

5.1.3. Setting and Assumptions. We define G := SLa to be the special linear group 
over the order A (see Def. 12. ip . From the previous lemma and Cor. 12.31 we deduce 
that G is a smooth group scheme over O. Moreover, the involution t induces an 
automorphism r* of GLa where r* = inv or (cf. 12. 3p . Clearly r* has order (at 
most) two and it restricts to an automorphism of G = SLa. 
The real Lie group Goo associated with G is 

Goo := n ^(^") - SL2„(K)^ X SL„(H)^'^ x SL2„(C)*. 

Here s denotes the number real places of F where D splits, r is the number of real 
places where D ramifies, and t is the number of complex places of F. The symbol 
H is used for Hamilton's quaternion division algebra and SL„(EI) is the group of 
elements with reduced norm one in the central simple R- algebra M„(]H[). Note that 
[-F : Q] = r + s + 2t. For every archimedean place w we fix a T*-stable maximal 
compact subgroup Ky C G{Fy), then the group Koo Ili^eVoo ^ r*-stable 

maximal compact subgroup of Goo • 

We study the cohomology of congruence subgroups arising from the group SLa- 
Let a C O be a proper ideal, we define the principal congruence subgroup 

r(a) := ker(G(e') ^ G{0/a)) 

of level o. We shall always assume that r(o) is torsion-free (which holds for almost 
all ideals). Note that the groups r(a) are always r*-stable. 

These groups can be described by local data. Let p C O be a prime ideal of O 
and let v be the associated finite place. Let Vpia) be the maximal exponent e such 
that p*^ divides a, then aOy — p^p^^^Oi,. We obtain an open and compact subgroup 
Ky C GiOy) defined as 

Ky := kcr(G(a) G{Oy/aOy)). 
We form the direct product Kf :— Yiy^Vf ^^^^ open and compact subgroup 
of the locally compact group G(A/). Clearly, r(a) — G{F) n Kf. 

We keep the notation introduced in this section. We always assume that 

(1) The order A^j is a maximal order in D, and 

(2) the ideal a C O is non-trivial and chosen such that r(o) is torsion-free. 

5.2. Hermitian forms and Galois cohomology. In this section we determine 
the non-abelian Galois cohomology set 'H^{t*). Recall that TH}{t*) is the fibred 
product 

n\T*):=H\T\K^Kf) X H\t*,G{F)). 

H^{T-\G(k)) 

In order to determine this set we need to calculate local and global cohomology 
sets. The global problem is to determine H^{t* , G{F)), whereas locally we have to 
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calculate H^{t* ,G{Fy)) and H^{t* ,Ky) for every place v. We start by determining 
the corresponding cohomology sets for GLa- This task amounts to the classification 
of certain hermitian forms over quaternion algebras, which is basically well-known 
(see for instance [39i §2] or [34j Ch. 10]). Afterwards we use the pfaffian to obtain 
results for the special linear group. 

5.2.1. Local results for GLa. We introduce the following notation: Given two in- 
tegers p,q > with p + q = n, we define the diagonal matrix 

Ip^q = diag(l,.^.,l, -l,.^.,-l ). 

P 9 

Proposition 5.2. Let v G V be a place of F. If v is a real place where D is 
ramified, then 

H\T*,GL^iF,)) = {lp,g\p,q>0 with p + q = n}. 

This means that the matrices Ip^q are a system of representatives for the cohomology 
classes. The cohomology is trivial for all places v d V \ Ramoo(£') , i-e. 

H\T*,GL^{Fy))^{l}. 

Proof. Let b e {t* , GL\{Fy)) be a cocycle, this is, b is an element of GL„(_D„) 
satisfying b = 1). Such a matrix b defines a regular hermitian form on the free right 
Dy-modu\e £>". 

For all V e l/\Ramoo(-D), i.e. v is not a real ramified place, the regular hermitian 
forms over Dy are classified by their dimension over Fy, this follows from Ch. 10, 
Thm. 1.7 and Ex. 1.8 in [33]. Note that these results cover the case where Dy is a 
division algebra. However it is easy to obtain an analogous result if Dy = M2{Fy) 
(at least for free regular hermitian spaces). Thus we find g G GL„(D„) with gb'^g = 
1, and so the second assertion follows immediately. 

Let V G Ramoo(D), then Dy = H. In this case Tc-hermitian forms are classi- 
fied by dimension and signature. Translated to the setting of non-abelian Galois 
cohomology, this means that the set { Ip^q [ p, g > with p + q = n} is & system of 
representatives for H^{t* , GLa (F„ ) ) . □ 

Definition 5.2. Let v G Ramoo(£'). For a cocycle b G {t* ,GL \{Fy)) which is 
cohomologous to Ip^q we say that the signature of b is the pair (p, q). 

Corollary 5.3. Let v G Vf be a finite place, then H^{t* ,GLA{Oy)) {1}. 

Proof. The O-order A is maximal and r-smooth fsee lS.ip and the same holds for the 
O^-order A(^Oy (cf. (11.6) in 28^ and note that r-smoothness is a local property). 
By the theorem of Fainsilber-Morales (Thm. I2.10p the canonical map 

H\t*, GLA(a)) ^ H\t*, GLa(F„)) 

is injective, and hence the assertion follows immediately from Proposition 15.21 □ 

5.2.2. Global results for GLa. Now we start to attack the global problem and ana- 
lyse H^{t* , GLa{F)). Again we use the classification of Tc-hermitian forms. 

Proposition 5.4 (Hasse principle). The canonical map 

H\t*,GLa{F)) ^ II H\T*,GLA{Fy)) 

induced by the inclusions is bijective. This means a class in H^{t* ,GIj\{F)) is 
uniquely determined by its signatures at the real ramified places. 
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Proof. If D is not a division algebra is is easily checked that H^{t* , GL\{F)) = {1}. 
Thus there is nothing to show. 

Assume that Z? is a division algebra. The regular hermitian forms over D 
(w.r.t. Tc) are classified by dimension and their signatures at the real places of 
F where D ramifies (see Ch. 10, 1.8 in [31]). The claim follows as in the local 
case. □ 



5.2.3. The pfaffian associated with r. We explain how to compute the pfaffian as- 
sociated with r fsee l2.4.l|) for diagonal matrices. Let k be any extension field of F, 
for example a local completion. Given a diagonal matrix x — diag(xi, . . . , x„) with 
entries in fc, we can consider x as a r- fixed matrix in A(i^p k — Mn{D (x)f k). 

Lemma 5.5. For x — diag(2;i, . . . , a;„) with entries in some extension field k of F, 
the pfaffian of x is the product of all entries, i.e. 

pirix) = XiX2 ■■■Xn- 

Proof. We can assume without loss of generality that k is algebraically closed. In 
this case D k = M2{k) and the reduced norm nrd^i : D ®f k ^ k agrees with 
the determinant, in particular it is surjective. This means, for given i e {1, . . . , n}, 
we can write Xi — nrdi3(j/i) — ylyi for some yi S D ®p k. Consider the matrix 
y = diag(?/i, . . . , G Mn{D C>5i? k), this matrix satisfies T{y)y = x. By Lemma l2.7l 
we obtain 

n n 

pi^{x) = nrdA(y) = J|nrd£,(?;i) = 

1=1 i=i 

Here we used that the reduced norm of a diagonal matrix in Af„ [D ®p k) is the 
product of the reduced norms of the entries (see IX, §2, Cor. 2 in [43 ). □ 

Note in particular that the pfaffian pf^ : Sym(A, r) — > O is surjective. 

5.2.4. Transfer of results to SLa. The final step in this section is to transfer the 
results on non-abelian Galois cohomology with values in GLa to the group G — SLa. 
Our main tool is the cohomological diagram for symplectic involutions Prop. 12.81 

Lemma 5.6. Let i; G \ Ramoo(i?) be a place of F. Then the Pfaffian induces a 
bijection 

pi, : H\t*,SLa{F,)) ^ {±1}. 

Proof. If follows from Prop. lOl that {t* ,GL \{Fy)) is trivial. The cohomological 
diagram for symplectic involutions (see Prop. 12.81) collapses to 

{±1} HHr*,SLA{Fy)) > 1 

{±1} = {±1}. 

Here we used that nrdA : GL\{Fy) — >• F^ is surjective (see (33.4) in [2E])- By 
Prop. [^751 the morphism S is injective, and thus bijective. □ 

Lemma 5.7. Let v G Ramoo(^)- The canonical map 

3, : H\t*,SLa{F,)) ^ H\t*,GLa{F.,)) 



is bijective. 
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Proof. In this case the reduced norm takes only positive values in Fy = M. Therefore 
the cohomological diagram for symplectic involutions (Prop. 12.81) yields 



1 > i?i(r*, SLa(F„)) H\T*,GLA{Fy)) 

1 > {±1} ~ > R^/K^o 

It follows directly from CoroUarv 12.91 that is surjective. Moreover, twisting the 
upper row with cocycles for H^{t* , SLa(F«)) shows that is indeed injective. For 
more details on twisting in non-abelian cohomology the reader may consult [361 
1,5.4]. Note that twisting an involution of symplectic type gives an involution of 
symplectic type (see Remark l2.2p . □ 

Lemma 5.8. Let v be a finite place and let py C Oy be the prime ideal. For an 
integer m > we define Ky{m) :— ker(G(C'^) — > G(C'u/p™)). Then the pfaffian 
induces a bisection 



vi,:H\T*,Ky{m)) 



f{±l} if -1 = 1 modp^p, 
I {1} otherwise . 



Proof. We start with the special case to = 0, this is Ky{m) — 'SLf^{Oy). Here the 
claim follows just as in the proof of Lemma 15.61 from Prop. 12.81 Cor. 15.31 and the 
fact that the reduced norm nrdA : GLi^{Oy) — > Oy is onto (combine (14.1) and 
Ex. 5, p. 152 in PSI). 

For m > 1 consider the short exact sequence of groups 

1 Ky{m) SLA(a) SLA(a/pr) 1. 

Note that this sequence uses that the order A, and hence the group scheme SLa, is 
smooth (cf. 15.11) . We obtain a long exact sequence of pointed sets 

G^'iOy) G^*(a/p;") A H\T*,Ky{m)) ^ H\T*,G{Oy)). 

It follows from Remark |2. II that the fixed point group G"^ is just the group scheme 
G(A,t) defined in l2.3l Since the group scheme G(A, r) is smooth (Prop. mS]), the 
canonical map tt is surjective, and so S is trivial. Via twisting (cf. Remark 12. 2p we 
obtain that jVn is injective. 

We use that the pfaffian is a morphism of schemes defined over O (cf. I2.4.ip : 
Given a cocycle b G Z^{t* , Ky{mj), we have pi^-ib) = 1 mod p^. Consequently, if 
1 and —1 are not congruent modulo p™, then H^{t* , Ky{m)) = {1} and the claim 
follows. 

Assume now that —1 = 1 mod p.™, then the matrix diag(— 1, 1, . . . , 1) lies in 
Ky{m) and has pfaffian —1 fcf. 15.2.3]) . □ 

For a real place v G \4o we denote the associated embedding F — > R by t^. 
Define 

F^ = {x E F"" \iy{x) > for aU v G Ramoo(£') }. 
By the Hasse-Schilling-Maass Theorem (cf. (33.15) in ^28j) the image of the reduced 
norm nrd^ : -> ^d- 

Lemma 5.9. Assume thatHauiooiD) is not empty. Then the canonical morphism 
of pointed sets 

J, : H\t*,SLa{F)) H\t*,GLa{F)) 

is injective. The image consists of precisely those classes x G H^{t* ,Gh\{F)) 
which satisfy pf.,-(a;) = ±1 • Ff^ . 
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// otherwise D splits at every real place, then the pfaffian induces a bijection 

pf,:H\T*,SLA{F))^{±l}. 

Proof. Assume that Ra.moo{D) is empty. By the Hasse-Schilhng-Maass Theorem 
the reduced norm GLa(J^) is surjective and the second assertion foUows as 

in Lemma 15.61 

Now we assume that Ramoo(-D) is not empty. The image of the reduced norm 
nrdyi : F'^- is F^. Note that F^ can not contain the element —1 since 

Ramoo(i^) is not empty. Consider the cohomological diagram for symplectic in- 
volutions (Prop. [27 



1 > i?i(T*, SLa(F)) ffi(T*,GLA(F)) 



Pfx 



1 > {±1} > F^'/F^. 

Twisting shows that the map j„ is injective. The assertion about the image of j* 
follows immediately from Corollarv l2.9l □ 

Remark 5.1. Assume that Ramoo(£') is not empty. Let x e iJ^(T*, GLa(F)) be a 
cohomology class. For every place v G Ramoo(£') the class x considered as a class 
in i?^(T*, GLA(-Fi,)) has a local signature {pv,qv)- Then according to Lemma [5.91 
the class x lies in the image of j, if and only if 

Qy = mod 2 

for every pair of places v,w G KauiaoiD). This means that either all Qy are even or 
all Qy are odd. 

Theorem 5.10. Let Kf — YiveVf — ^i^f) open compact subgroup as- 

sociated with the congruence subgroup T{a) (cf. 15.^.5*)] . Consider the set 'H}(t*) 
(cf. beginning of Section \5.2\) . The projection tt : T-0'{t*) H^{t* ,G{F)) is inject- 
ive and there is a short exact sequence of pointed sets 

1^ n\T*) H\t*,G{F)) ^ {±1} ^1. 

Proof. Consider the cohomology set H^{t* , KooK f), which agrees with the direct 
product H^T*,K^)xH\T*,Kf). The canonical map i?i(T*, Xoo) ^ H\t*,Goo) 
is bijective (see |1__ or Lemma 1.4 in [30]). Moreover, for every finite place v € Vf 
the group Ky is of the form 

Ky{m) = ker(G(a) ^ G(a/p")) 

for some integer m. It follows from Lemma [5.81 that the inclusion Ky G{Fy) 
induces an injection H^{t* , Ky) H^{t* ,G{Fy)). Therefore the canonical map 
H^{t* , KooK f) —i' H^{t* ,G{A)) is injective and we conclude that the projection 
TT-.n^ir*)^ H\t*,G{F)) is injective. 

Moreover, it follows from the considerations on diagonal matrices in 15.2.31 that 
the pfaffian pf^ : H^{t*,G{F)) {±1} is surjective. 

It remains to understand the image of n. Since r(a) is (by assumption) torsion- 
free, we know that —1 is not congruent 1 modulo a. In particular there is a prime 
ideal p which divides a, say e = !^p(a), such that 1 and —1 are not congruent 
modulo p*^. Let v £Vf he the finite place associated with p, then Ky = Ky{e) and 
H^{t* ,Ky) = {1} by Lemma [5^ Let 7 e H^{t* ,G{F)) be in the image of tt, say 
(x,7) is the inverse image in 'H^(t*). Let Xy be the projection of the class x to 
H^{t* ,Ky). Since x and 7 have the same image in H^{t* ,G{A)), we can deduce 
that pf^(7) = pfri^v) = 1- 
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Conversely, given 7 G H^{t* ,G{F)) in the kernel of the pfafEan, then 7 lies in 
the image of tt. Let Coo G H^{t* ,Koo) be a cohomology class such that Coc and 7 
define the same class in H^{t* ,Goo)- Let 1 / denote the trivial class in H^{t* ,Kf ), 
then the triple (coo, l/i7) is a class in T-L^{t*) which is mapped to 7 by tt. □ 

5.3. The fixed point groups. Up to paragraph 15.3.61 the number field F is as- 
sumed to be totally real. 

Definition 5.3. Let i? be a commutative O-algebra (e.g. Oy or Fy). For a cocycle 
7 G Z^(r*,G(i?)) the i?-group scheme 6(7) of r*|7-fixed points is defined by 

G(7)(C) :={geG(C)|5= ^'l-^sl 
for any commutative i?-algebra C Recall that the 7-twistcd r*-action is given by 

We define the symplectic group Sp„ over Z by 

Spji?) := { 5 e GL2„(i?) I g^Jg = J }, 
for every commutative ring i?, where J is the standard symplectic matrix 



Note that in this notation Sp„ is of rank n, but consists of matrices of size 2n x 2n. 

Given a cocycle 7 G Z^(t*, G(0)), we want to understand the associated group 
scheme G(7). In particular we want to calculate the Euler characteristic of congru- 
ence subgroups of this group. We start with some basic observations and afterwards 
we collect all the ingredients necessary for an application of the adelic Euler char- 
acteristic formula (Thm. 13.31) . 

Remark 5.2. If 7 € Z^r*, G(0)), then G(7) = G(A,t|7) in the notation of Sec- 
tion l2.3l The reason for this identity is that G(A, t\^) is always a closed subscheme 
of SLa, i.e. all elements have reduced norm one (see Remark l2.ip . Here r|7 is the 
7- twisted involution on A (cf. Remark |2. 21) . Recall that t|7 is of symplectic type, 
and that twisting and the operation * commute, i.e. (t|7)* = r*|7. 

Lemma 5.11. For every 7 G Z^{t* , G{0)) the group scheme G{-y) is smooth. 

Proof. By Lemma [STTl the order A is r-smooth. Remark 12.21 implies further that A 
is (T|7)-smooth as well, and thus Prop. [^751 vields that G(7) — G(A, r|7) is smooth. 

□ 

Lemma 5.12. Let R be a commutative O-algebra. Suppose the two cocycles 7,7' 
in Z^{t* ,G{R)) define the same class in H^{t* ,G1ja{R)), thenG{'j) andG{'y') are 
isomorphic as group schemes over R. 

Proof. There is c G GLa(-R) which satisfies 7' = cj'^c. We define a morphism of 
group schemes / : G(7) — G(7') by 

fc ■■ g^ cgc~^ 

for every commutative i?-algebra C and all g G G(7)(G). This map is well-defined: 

' ' [cgc ) = "f c g c 7 — c'f gj c — cgc . 

The inverse map of / is obviously given by 5 i~> c^^gc, thus / is an isomorphism. □ 

Corollary 5.13. Let 7 G Z^{t* ,G{0)) be a cocycle. Let R be a commutative 
O-algebra with H^{t* , G\jf^{R)) = {I}, there is an isomorphism of R- group schemes 

G(7) xqR^ G(I) xo R. 
In particular, this holds if R = Oy for v Cz Vf fsee \5.3\) . 
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Moreover, if k is a splitting field of D, then G{j) k is isomorphic to the 
symplectic group Sp„ Xzk defined over k. 

Proof. The first part follows immediately from Lemma 15.121 For the second asser- 
tion note that we can choose a splitting (p : A ^ k M2„(fc) such that lp{t{x)) 
equals J(p{x)"^ , where J denotes the standard symplectic matrix. □ 

5.3.1. The associated real Lie groups. Let 7 € Z^{t* , G{0)) be a cocycle. Consider 
the real Lie group 

G(7)co - n G(7)(i^.) 

vev^ 

associated with the group G{j). 

Lemma 5.14. Let 7 € Z^{t* ,G{0)) be a cocycle and let v G Ramoo(_D) be a real 
ramified place. If the class of j in H^{t* ,G{Fy)) has signature {p,q), then there is 
an isomorphism of real Lie groups 

G{j){F,)^Sp{p,q). 

Here Sp{p,q) is the real Lie group defined by 

Sp(p, q) ■■= {g e GL„(H) | g'^Ip,qg = Ip,q }. 

Proof. This follows from Lemma 15.121 and the description of the cohomology set 
H^{t*,GLa{F„)) in Prop. [521 □ 

For a real ramified place v G Ramoo(i?) let {pv,qv) denote the local signature 
of the cohomology class of 7 in H^{t* , G{Fy)). It follows from Corollary 15. 131 and 
Lemma 15.141 that there is an isomorphism of real Lie groups 

G(7)oo ^ Sp„(E)^ X II Sp{p,,q,). 

Here s denotes the number of real places of F which split D. Note that £'(7)00 is 
connected and semisimple. The real Lie algebra 0(7)00 of G(7)oo is isomorphic to 

0(7)00 =sp(n,M)' © sp(p,„,9„). 

Recall that every maximal compact subgroup of the real Lie group Sp„(R) is 
isomorphic to the unitary group U(n). 

Consider the group Sp(n) := Sp(n, 0). One can check that this is a compact 
connected semisimple real Lie group (see [T8| p. 111]). Moreover, it is a maximal 
compact subgroup of the special linear group SL„(IHI). 

Let p, (? > be integers with p + q ~ n. The Lie group Sp(p, q) is connected and 
semisimple [IHl Prop. 1.145], and the compact subgroup Sp(p) x Sp(g) is a maximal 
compact subgroup. Given any maximal compact subgroup i^(7)cx3 Q ^(7)00, we 
obtain an isomorphism of Lie groups 

i^(7)oo ^ VinY X H Sp(p,) X Sp(g,). 

DSRaniooC-D) 

5.3.2. The symmetric space. Consider the associated Riemannian symmetric space 
X(7) := if(7)oo\G(7)oo- We have dim 0(7) = n(2n+ 1) and thus 

dimG(7)oo=n(2n+l)[F:Q]. 

The dimension of the unitary group U(n) is and consequently 

dim if (7) 00 = sn^ + ^ pt,(2p„ + 1) + g„(2gf„ + 1). 
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Subtraction of both dimensions yields 

dim X {'^) — sn{n + 1) + ^ ^PvQv, 

DSRaniooC-D) 

which is obviously an even number. 

5.3.3. Lie algebras and complexifications. We complexify the Lie algebra 0(7)00 and 
we obtain an isomorphism 

0(7)00 ®rC^spKC)[^^Q1. 

The rank of this complex semisimple Lie algebra is rk(0(7)oo,c) = : Q]. Let 
^(7)00 denote the Lie algebra of the maximal compact subgroup K{'^)rx,. The 
complexification of this Lie algebra is isomorphic to 

«(7)oo<^RC = 0((n,C)"® sp(p„,C)©sp(g,,C). 

The rank of 6(7)00,0 is s'^ + Z]i,6Ramo„(D) Pv+(lv = n[F : Q]. Thus the complexified 
Lie algebras 0(7)00,0 and 6(7)00,0 have equal rank. The Weyl groups of these 
complex reductive Lie algebras are well-known, in particular we get 

|W^(0(7)oo,c)| - (2"n!)[^^Ql, and 

|M^(«(7)oo,c)| = (n!)^ n 2f"pJ.2'"gJ 

as can be found in [131 p. 66]. The quotient of the cardinalities of the two Weyl 
groups is given by 

|W^(0(7)oo,c)| ^^ns TT 

\wii{iU,c)\ mAp- 

Remark 5.3. The linear algebraic i^-group G(7) is an inner form of the 

symplectic group Sp„, in particular it is a semisimple and simply connected group. 
Further this implies that the Tamagawa number t{G{j)) is equal to one (see |20)). 

5.3.4. The metric form B . Recall that the Lie algebra of G(7) is a functor Lie(G'(7)) 
which assigns to a commutative O-algebra C the C-Lie algebra 

Lie(G(7))(C) = { X e (A ®o G)^ I {t\j){x) = -x }. 

For simplicity we write 0(7)0 instead of Lie(G(7))(G). 

Consider the non-degenerate bilinear form B : g{j)F x 0(7)f — > F defined by 
B{x,y) := — i trd^(a;?/). Let t : F — >■ C be an embedding of F into the field of 
complex numbers. The central simple algebra A = Mn{D) splits over C and we can 
choose a splitting A M2n(C) such that t|7 is the standard symplectic involution. 
Via this splitting the Lie algebra 0(7)0 is isomorphic to the complex semisimple 
Lie algebra sp(n, C). 

Proposition 5.15. Consider the compact Lie group Sp(7i) and its Lie algebra 

sp{n) ■.= {xe M„(H) \ x^ + x = 0}. 

Let B be the positive definite R-bilinear form B : Sp{n) x Sp{n) K. defined by 
B{x, y) := — 5 trd(a;y). With respect to the right invariant Riemann metric induced 
by B, the group Sp(n) has the volume 
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Proof. The form B, extended C-linear to sp(n, C), is given by B{x, y) = — ^ Tr{xy). 
Recall that the Killing form (3 on sp(n,C) is the form (3{x,y) — {2n + 2)Ti{xy) 
(of. Ill, §8 in [T?) and hence (3 = -4(r7, + 1)B. We conclude 

vol;3(Sp(n)) = (4(n + l))''^volB(Sp(n)). 

The assertion follows from Ono's formula for the volume of a compact Lie group 
with respect to the Killing form (see (3.4.9) in |^), which yields 

vol^(Sp(n)) = (4(n + l)) ^ (2/^1)! - ° 

5.3.5. The modulus factor. Consider the i<"-bilinear form B : g{j)F x 9{j)f — > F 
defined by B{x,y) := —^tidAixy). In this paragraph we will calculate the global 
modulus factor m{B) — YiveVf (cf- I3.2.2p . Note that A is in general not a 

free O-module, therefore we have to work locally. 

We start with the finite places v G Vf where D splits. The main observation is: 
We can assume that A ®o Oy = M2n{Ov) and that r|7 is the standard symplectic 
involution. This follows from the next Lemma. 

Lemma 5.16. Let R be a complete discrete valuation ring with field of fractions k 
of characteristic char(/c) 7^ 2. Let a he an involution of symplectic type on M2n{k) 
and let A C M2n{k) be a maximal R-order which is a-stable. 
There is an element g G GL2n(fc) such that 

(1) gKg~^ ^M2n{R), and 

(2) ga{x)g^^ — J{gxg~^)'^ , where J is the standard symplectic matrix. 

Proof. It follows from Theorem (17.3) in [28 that there is an invertible matrix 
a G GL2n(fc) such that aAa^^ = Af2n(i?). Moreover, a is an involution of symplectic 
type and we can consider int(a) : M2„(fc) — > M2n{k) as a splitting of the central 
simple fc-algebra M2n{k). There is a matrix h G GL2„(A:) such that — —h and 
int(a)(o'(a;)) — h{v[\i{a){x))'^ for every x G M2n{k). 

Using that A is cr-stable, we see that hM2n{Li)h~^ = M2n{R)- After multiplic- 
ation with some power of the prime element in R, we can assume h G GL2n(^). 
On a free module over a complete discrete valuation ring, there is only one regular 
symplectic form up to isogeny (char(fc) ^ 2!), this means that there is 6 G GL2„(i?) 
such that bhb"^ = J. Finally, we define g := ba and observe 

gcr{x)g-'^ = bh{axa-^f h^^-'^ = J{b-^f{axa~^fb'^J~'^ = J{gxg-^fj-^ 

for every x G M2n{k). □ 

Corollary 5.17. Let 7 G Z^{t* , G{0)) be a cocycle and let u G V/ be a finite place 
of F which splits D. There is an isomorphism of group schemes over O^: 

G(7) xoa ^ sp„xza. 

Proof. This follows directly from the previous lemma since r|7 is an involution of 
symplectic type. □ 

Proposition 5.18. Let v € Vf be a finite place which splits D. Consider the 
bilinear form B : q{j)f x q{i)f F defined by B{x,y) — —^trd{xy). The local 
modulus factor ( see \3. 2.2)) is 

m{B\ = |2|-". 

Proof. By Corollarv 15 . 1 71 we can assume G(7) = Sp„ over 0„. This means 
0(7)0, = sp(n, 0„) = { a; G A/2„(a) \x^J + Jx = Q }. 
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Note that the form B is given by the analogous formula B{x,y) = —^Tr{xy). 
Recall that the elements of sp(n, Oy) are matrices of the form 



with a,b,c G Mn{Oy) where b and c are symmetric matrices. Let Es^t denote the 
elementary 2n x 2n matrix with exactly one entry 1 in position {s,t). We choose 
an Otj-basis of sp{n, Oy) which is made up of the following elements: 

(1) a^^j Eij - Ej+n,i+n for aU i,j G {1, . . . 

(2) bi^j Eij+n + Ej^i+n for all 1 < i < j < 7i, 

(3) Cij := Ei^n.j + Ej+n.i for all 1 < i < j < ti, and 

(4) 6i := E^^i+n and q := for alH G {1, . . . , n}. 
We evaluate the form B on all the basis vectors. 

It is an easy observation that 

= B{ai,j,Ck,i) = B{ai^j,bk,i) = B{ai,j,bk) = B{ai,j,Ck) 
= B{ci^j,Ck,i) = B{bij,bkA) = B{c.i,Cj) = B{bi,bj). 

for all i,j,k,l. Moreover, one readily verifies that B{bi,j,Ck) = B{cij,bk) = for 
all i,j,k. The remaining cases yield: 

• B{atj,ak,i) = -5j^u5i,i for aU i,j,k,l G {1, . . . ,n}, 

• B(bi^j,Ck,i) — —Si^k^j^i for alH < j < n and k < I < n, and 

• B{bi, Cj) = —^6ij for all i, j G {1, . . . , n}. 

Using these results, we are able to calculate the modulus factor and obtain 

HB). - |dct \T = I2|.""- □ 

Proposition 5.19. Let v G Ram^(_D) be a finite ramified place and let p C O be 

the associated prime ideal. The local modulus factor for the group G{^) and the 
form B defined in \5.3.4\ is 

m{B)y = |2|-"N(p)-"("+i)/2. 

Proof. The i<\,-algebra Dy :— D ®p Fy is the unique quaternion division algebra 
over Fy and A := (^Sio Oy is the unique maximal order in Dy. 

Due to CoroUarv 15.131 we can assume that 7 = 1, i.e. 0(7) x Oy is isomorphic 
to H := G{1) xOy. We define 

() := UeiH){Oy) = { x G M„{A) \ t(x) = -x }. 

Recall that t{x) — 'SF . 

Take an O^-basis vo,Vx,V2,Vz of A such that trdD(fo) = 1 and trd_D(wi) = for 
i = 1,2,3. Such a basis exists since trdu : A — i> 0^ is surjective (maximal orders 
are smooth, see Prop. [2^ . We construct an O^-basis of the Lie algebra f), which 
consists of the following elements 

(1) Os^i := VgEi^i for all s G {1, 2, 3} and i G {1, . . . , n}, and 

(2) bs^ij := VgEij — v^Ej^i for all s G {0, 1, 2, 3} and i,j G {1, . . . , n} with i < j. 
We calculate the form B on all basis vectors. Observe that B{as^i,bt^k,i) — for 
all s, t, i, k, I. Moreover, for s, t G {1, 2, 3} and i, j G {1, . . . , n} we find 

B{as,i,atj) = -^ti-d{vsEi^iVtEjj) = -'^Sij trdoivsVi). 

Finally, let s, t G {0, 1, 2, 3} and let i,j, k,l G {1, . . . , n} with i < j and k < I. We 
obtain 

B{bs,i,j,bt,k,i) = \ trdD{v'sVt + VslH)Si^kSju = trdD(wsW)^i,fc'5i,i. 
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Summing up we obtain a formula for the modulus factor 



1 



(3) m{B)i = \- det{tTd{v,vt)) 



s,t=l,2,3 



|det(trd(usUt))5,t=o. 



1,2,3 



|n(n-l)/2 



Since the elements vo,vi,V2,V3 form an 0„-basis of A as well, we see that the 
second term |det(trd(wsWt))s^t=o,i,2,3|y is the valuation of the discriminant of A. It 
is known that the discriminant of A is pi (see (14.9) in |28)). 

To calculate the first term in equation ^ we consider wq :— 1 and we define 
Ws = Vs for s = 1, 2, 3. Note that wq, 101,102, 103 is in general not an O^-basis of A 
since trdD(l) = 2 need not be a unit in Oy. We can write 

Wq = I = ravo + nvi + r2V2 + r^v^ 

for certain rQ,ri,r2, in 0„. Applying the reduced trace we get 2 — trd£)(l) — tq. 
Furthermore, this implies that the matrix (trd{wsWt)) ^ ^ ^ ^ can be written as 
a product of matrices 

/2 



/2 n 
1 




r2 

1 




r3\ 



1/ 



Note that 



/2 



i,j=0, 1,2,3 



ri 
r2 
Vs 



0\ 

1 
1 












(tTd{WsWt)) 



s, 4=0,1,2,3 





trd(uiWi) trd(t;ii;2) 

trd(u2t'i) trd(t;2i'2) 

trd(u3t;i) trd(t;3i;2) 



We deduce that |det(trd('i;s'i;t))s_4=i^2,3|^ = |2 
factor is 

m{B)y = |2|-"N(p)-"~"("-i)/2 





trd(i;iU3) 

trd(i;2W3) 
trd(i;3U3)/ 

^. In total the local modulus 



□ 



N(p) 

= |2|-"N(p)-"("+i)/2 

Corollary 5.20. Let 7 e Z^{t* ,G{0)) be a cocycle. The global modulus factor 
m{B) for the group G{'j) with respect to the form B defined in \5.3.4\ is 
m{B) = 2»[^^^Ql(-l)™(»+i)/2A^^(i?)-"(n+i)/2^ 

where Ard{D) denotes the signed reduced discriminant of D fsee \5.1\} . 



Proof. By Prop. 15.181 Prop. I5.19[ and an application of the product formula we 
obtain 



miB) = n 121.-' 



peRamj:(D) 



Yl N(p)-"("+i)/^ □ 

peRamj:(D) 



5.3.6. The Euler characteristic of the fixed point groups. Let 7 e Z^(t* ,G{0)) be 
a cocycle. We are now able to compute the Euler characteristic of torsion-free 
arithmetic subgroups of G(7). In the next theorem we give a precise formula for 
principal congruence subgroups. More general subgroups can be treated analog- 
ously. 

For the next theorem the number field F need not be totally real. Let a C O be 
a proper ideal. For a finite place ?; e V/ we define Ky{j, a) to be the kernel of the 
reduction G(7)(0„) ^ G{-/){Oy /aOy). Note that Ky{j,a) = G(7)(0„) for almost 
all places. The group 

Kf{l,a) := n KAl,a) 
veVf 

is an open compact subgroup of the locally compact group G{j){Af). This subgroup 
is given by a local datum {U, a) fcf. I3.2.3|) . Let u S V/ be a finite place and let p be 
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the associated prime ideal. Let e = i'p(fl) be the exponent of p in a. We have — 1 
and [/„ ^ G{-f){0/p) if e = 0, otherwise = e and t/„ = {1} C G(7)(0/p'=). 

Let 0(7)00 = ni;GVoo ^^'^ ii'(7)oo C G(7)oo be a maximal compact 

subgroup. For every real ramified place v € Ramoo (D) we denote the local signature 
of the class of 7 in H^{t\G{F^)) by {p^^qv) fcf. Oj) . 

Theorem 5.21. Assume that G{-j){F) acts freely on K{^)ociKf{'y,a)\G{-j){A). 
The Euler characteristic of the double quotient space 

S{a) := i^(7)ooif/(7,a)\G(7)(A)/G(7)(F) 

is non-zero if and only if F is totally real. In this case the following formula holds 

i)eRamoo(-D) J = l 

where M{j, a,D) is defined as 

p|n peRamj(D) 
pta 

Here r is the number of real places of F where D is ramified. The sign of x{S{a)) 
is (— where s denotes the number of real places where D splits. 

Proof. It follows from Remark |3. II that the Euler characteristic vanishes whenever 
F has a complex place. Therefore we may assume that F is totally real. We 
want to apply the adelic Euler characteristic formula (Thm. 13.31) . We know that 
G(7) is a smooth group scheme over O (see Lem. 15. lip . Further G Xq F is an 
inner form of the symplectic group, and is thus a semisimple and simply connected 
algebraic group of dimension d = n(2n+ 1) (cf. Remark l5.3p . Note further, that by 
assumption G{'^){F) acts freely on K {'j) 00 Kf{^,a)\G{'-f){ A). 

Moreover, we observe that dimX(7) is even fcf. I5.3.2| and that the complexified 
Lie algebras 4(7)00 C and 0(7)00,0 have equal rank fcf. I5.3.3p . We conclude that 
the Euler characteristic does not vanish and we can apply Theorem 13.31 

We fix the non-degenerate bilinear form B : 0(7)f x 9{'i)f F defined by 
B{x,y) := — itrd^(a;y). It is easy to see that the compact dual group G(7)„ 
of G(7)oo is isomorphic to Sp(n)[^-^]. Further note that B is given by the same 
formula on each factor of the compact dual group. Therefore the volume is 



vob(G(7)„) = (n 



(2^) 



2i 



,=1 2 -(2^-1)! 



according to Prop. 15.151 Using the global modulus factor, calculated in Cor. 15.201 
and the quotient of the orders of the involved Weyl groups, derived in 15.3.31 the 
adelic formula yields 



x{S{a)) ^(_i)[^^:Q]"("+i)/2 \dpf/^ 2"^ Y[ 

" 2 . (2j - 1)! X . , ^^„(„+i)/2 TT ^P)"'' 



(n 



(2^)2. J ^^-^^^^ 11 \U,\ 



3=1 ^ ' peVf 

Here s denotes the number of real places of F which split D. The only terms 
that can be negative are (— l)[^-'Ql"("+i)/2 and the signed reduced discriminant. 
Consequently, the sign of the Euler characteristic is (— l)''"("+i)/2. 

Let w S V/ be a finite place with associated prime ideal p and consider — ^p-] — ■ 
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Case (a): D splits at v and p does not divide a. In this case ap = 1 and 
Up — G'(7)(0/p). Since G(7) is isomorphic to Sp„ over Oy (see Cor. 15. 171) . there 
is an isomorphism of finite groups G(7)(0/p) = Sp„(0/p). From 3.5 in |44] we 
deduce that 

n 

|G(7)(0/p)hN(p)'^n(l-^). 

Case (b): D is ramified at v and p does not divide a. In this situation we have 
ap = 1 and Up — G{'^){0 /p). Let k = O/p be the finite residue class field and 
let t/k be the unique quadratic extension. It is an easy exercise to show that 
G(7)(C'/p) isomorphic to a semidirect product U{£/k) x Sym„(£), where U{£/k) 
denotes the unitary group of the quadratic extension £/k and Sym„(^) denotes the 
abelian group of symmetric {n x n)-matrices with entries in £. Therefore (using 3.6 
in [33]) we get 

|G(7)(0/p)hN(p)'^n(l-L_j_). 
Case (c): p divides o. In this case = i^p(a) and \Up\ = 1. Consequently, 



\Up\ 



The product of these terms is 

n^-N(.,^n(fr(2.)n(i-«5pj) n i^^(^y) 

peVf ' f j=l p\a peRanv(D) 

Here denotes the zeta function of the number field F. 

Note that d = n{2n + 1) = E]=i^J " 1 and so {dpf^^ = l*''^^^^^^ 
The functional equation of the zeta function of the totally real number field F (see 
VII.§6, Thm. 3 in [43]) yields 

,-_i)/2^2 .(2j-l )!VJ-^' 
(27r)2j 

for every integer j > 1. Using this we see that 



Substitute this into equation Q, then a simple calculation proves the claim. □ 

5.4. Proof of the main Theorem. The notation and assumptions are those of 
the introduction. As usual F denotes an algebraic number field and O denotes its 
ring of integers. Let D he a quaternion algebra defined over F and let Ad C D 
be a maximal O-order. Let n > 1 be an integer, we consider the central simple 
f-algebra A = Mn{D) and the maximal O-order A = Af„(An). Further G := SLa 
is the smooth O-group scheme defined as the kernel of the reduced norm over the 
order A (ci. \TJ^ . 

We say that the quaternion algebra D over F is totally definite^ if F is totally 
real and D ramifies at every real place of F. 

The algebraic group G Xq F has strong approximation since it is an i^-simple, 
simply connected group and Goo = SL2„(K)^ x SL„(]HI)'' x SL2„(C)* is not compact. 
Since the group SLi(IHI) is compact, we need the assumption that n > 2 if I? is 
totally definite. 
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Let Koo C Goo be a T*-stable maximal compact subgroup. Further, let Kf be 
the open compact subgroup of G(A/), which satisfies r(o) — Kf n G[F) fsee l5.1.3]) . 
Since T{a) is torsion- free and T*-stable, we can apply Theorem 14.21 and we obtain 



(5) C{r\T{a),W) = ^ x{^-\r,))Mr*\W{^,)). 

Here 7,^ is any representative of the H^{t* , G{F)) component of 77 and 

^ : {K^Kf\G{A)/G{F)y' ^ H^t*) 

is the surjective continuous map defined in Sectional 

By Theorem 15.101 the projection tt : H^ir*) — >• H^{t* ,G{F)) is injective and 
there is an exact sequence of pointed sets 

(6) 1^ n\T*) ^ H\t\G{F)) ^ {±1} ^1. 

We deduce that, given a class 77 G H^ir*), every representative 7,, G 7r(77) has pfaf- 
fian one, and hence they all describe the trivial class in H^{t* ,G{F)). Thus there 
is some g G G(F) such that 7,, = g'^ ^'g. It follows that Tr(T* |iy(7^)) = Tr(r*|W^) 
since r*|7^ = p[g)^^ or* o p[g) on W . 

As a next step we describe the fixed point components. Let 77 G ?^^(t*), via 
strong approximation we can choose representing cocycles fc^ in Z^(t* ,KooKf) 
and 7^ in Z^[t* ,T{o.)), and an element aoo G Goa such that 

V = {[kri\iHi\) 8,nd ^ ftoo = A;,y^aoo7r;■ 
We write fc^ = kooko with /cqo G -f^oo and fco G Kj. Note that /cq = 7r; considered 
as elements in G{Af). By Lemma |4 . II there is a homeomorphism 

79-1(77) ^ (a;,iif^'l'^~aoo)if/(7r„a)\G(7,)(A)/G(7,)(F). 

In fact {a^Klo ''^°°aoo) is a maximal compact subgroup of G(7,,)oo- 

Let V G Ramoo(i?) and let {py,qv) denote the local signature of 7,^ at v. By 
Theorem 15 . 2 1 1 the Euler characteristic of the fixed point component is zero if F has 
a complex place. If F is totally real, which we assume from now on, then 

X(^-I(r7)) =2-'-N(q)"(2»+i)a^,(Z5)"(»+i)/2 J| " JJ M(j, a, i?). 

iieRam^(D) ^^^^ i=l 

The short exact sequence ([B]), in combination with the Hasse principle (Prop. lST^ 
and Lemma shows that the map which takes all the local signatures at the real 
ramified places induces a bijection 

Pv + Qv = n and even }. 

■ueRamoo(-D) 

The following identity can be easily verified 

ijeWM^*) i'6Ramoo(D) ^^"^ m ,...,u,-=0 i=l ^ 

As a final step we substitute all results in formula ([5]) and we observe: 

n 

£(r*, r(a), W) = 2-"- N(o)"(2"+i) A^^(i:))»("+i)/2 Tr(r* |IV) [| M(j, a, D). 

Note that the Lefschetz number is non-zero precisely when F is totally real and 
Tr(r*|M^) does not vanish. 
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5.5. The growth of the total Betti number. There are many recent resuhs 
on the asymptotic behaviour of Betti numbers of arithmetic groups. Most of these 
results are upper bound results - a strong asymptotic upper bound was obtained 
by Calegari-Emerton |6j. However, there are no strong lower bound results. It 
seems that the only available lower bound results are non-vanishing results for 
certain degrees in the cohomology. Indeed, there is a geometric method to construct 
cohomology classes in a given degree for cocompact arithmetic groups. This method 
originated from the work of Millson and Raghunathan [53] and has been further 
elaborated by Rohlfs and Schwermer [S^. Another result that can be interpreted 
as a result on lower bounds has been obtained by Venkataramana [32] . In this last 
section we prove CoroUarv ll.ll to show that Lefschetz numbers provide asymptotic 
lower bounds for the total Betti number. The only remaining step is to relate the 
Lefschetz number to the index of the congruence subgroup r(a). Let be a totally 
real number field. If D is totally definite we assume n > 2 such that G = SLa has 
strong approximation. 

Lemma 5.22. The index [G(0) : r(o)] o/r(a) m G{0) is 

2n ^ ^ n -J 

n (no-i^)) n (('+i4)n(i-i^))- 

p|a J— 2 p|a j— 2 

p^Ramj(D) peRam/(D) 

In particular, the term [G{0) : r(a)]iV(a)^'*" +^ is hounded from above and from 
below independent of a, 

2n 

n (fU)-' < [G{0) : r(a)]iV(a)-4"^+i < U + W^)- 

J=2 peRamfiD) ' 

Proof. Using the smoothness of the group scheme combined with strong approxim- 
ation, there is a short exact sequence of groups 

1 r(a) G{0) G{0/a) 1, 

from which we deduce [G{0) : T{a)] ~ Y{p\a \G{Op/aOp)\. Let p be a prime ideal 
which divides o, say Vp{a) = e > 1. Then Op/aOp = Op/p^Op and it follows from 
the smoothness of G that 

|G(Op/p^Op)| = N(p)(^-i)''|G(0p/pOp)| 

where d is the dimension of the group G Xq F (use [IS] 2.1]). The dimension of G 
is d = - 1. 

If p G Kamf{D), then one can show that 

n 

|G(Op/pOp)| = N(p)4"'-i(l + N(p)-i) - N(p)-2^). 

j=2 

If otherwise p ^ Ram/(Z)), then G Op is isomorphic to the special linear 
group SL2n. We deduce that 

2n 

|G(Op/pOp)| = N(p)4"'-i - N(p)-^") 

due to 3.3.1 in [33]- Now the assertions can be readily verified. □ 

Proof of Corollary Since ro(a) is a subgroup of finite index in r(a), we obtain 
(from VII, Prop. 6 in [35]) that 6i(r(a)) < &^(ro(a)). It follows directly from the 
main theorem, that there is a positive real number b > 0, depending on F, D and 
n, such that 

6N(a)"('"+i) < |/:(T*,r(o),C)|. 
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for every ideal a C O such that r(a) is torsion-free. Since i3(r(a)) > |£(t*, r(a), C)|, 
it follows from Lemma [5.221 that 

for some a > depending on F, D and n. We obtain 

S(ro(a)) > a[G{0) : r{a)]^S^ > a[G(0) n Tq : To{a)]''^ 

a([ro : G(0) nro]-Mro : ro(a)])''^. 

We define K = a[ro : 0(0) n To]" ^^J^^. □ 
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during my thesis work, upon which this article is based. 



34 S. KIONKE 

References 

[1] Jinpcng An and Zhengdong Wang, Nonabelian cohomology with coefficients in Lie groups, 
Trans. Amcr. Math. Soc. 360 (2008), no. 6, 3019-3040. 

[2] V. V. Batyrcv, Birational Calabi- Yau n-folds have equal Betti numbers, New trends in alge- 
braic gromctry (K. Hulek et al., eds.), LMS Lect. Note Ser. 264, Cambridge University Press, 
Cambridge, 1999. 

[3] A. Borel, Some finiteness properties of adele groups over number fields, 

Publ. Math. Inst. Hautes Etudes Sci. 16 (1963), 5-30. 
[4] A. Borel and J-P. Serre, Comers and Arithmetic Groups, Comment. Math. Helv. 48 (1973), 

436-491. 

[5] N. Bourbaki, Elements de mathematique VI: Integration, Hermann, Paris, 1963. 

[6] F. Calegari and M. Emerton, Bounds for multiplicities of unitary representations of cohomo- 
logical type in spaces of cusp forms, Ann. of Math. (2) 170 (2009), 1437-1446. 

[7] M. Demazurc and P. Gabriel, Groupes Algebriques, Tome I, North-Holland Publishing Com- 
pany, Amsterdam, 1970. 

[8] L. Fainsilber and J. Morales, An injectivity result for Hermitian forms over local orders, 
Illinois J. Math. 43 (1999), 391-402. 

[9] A. Grothendieck, Elements de Geometric Algebrique: IV Etude locale des schemas et des 
morphismes de schemas, Premiere partie, Publ. Math. Inst. Hautes Etudes Sci. 20 (1964), 
5-259. 

[10] G. Harder, A Gauss-Bonnet formula for discrete arithmetically defined groups, 

Ann. Sci. Ec. Norm. Super. (4) 4 (1971), no. 3, 409-455. 
[11] , On the cohomology of SL(2,0), Lie groups and their representations, Halsted, New 

York, 1975, pp. 139-150. 
[12] Sigurdur Helgason, Differential Geometry, Lie Groups, and Symmetric Spaces, Pure and 

Appl. Math. (80), Academic Press, New York, 1978. 
[13] James E. Humphreys, Introduction to Lie Algebras and Representation Theory, Grad. Texts 

Math. (9), Springer- Vcrlag, New York, 1972. 
[14] Svetlana Katok, Fuchsian Groups, The University of Chicago Press, Chicago, 1992. 
[15] S. Kionke, A fixed point principle in the cohomology of equivariant sheaves, submitted (2012), 

22. 

[16] S. Kionke and ,1. Schwcrrncr, On the growth of the first Betti number of arithmetic hyperbolic 

3-manifolds, arXiv arXiv:1204.3750vl (2012), 23. 
[17] H. Klingen, Uber die Werte der Dedekindschen Zetafunktion, Math. Ann. 145 (1962), 265- 

272. 

[18] Anthony W. Knapp, Lie Groups Beyond an Introduction. 2nd ed., Prog, in Math. (140), 

Birkhauscr, Boston, 2002. 
[19] Max-Albert Knus, Alexander Mcrkurjcv, Markus Rost, and Jcan-Picrrc Tignol, The Book of 

Involutions, CoUoqu. Pub. (44), American Mathematical Society, 1998. 
[20] R. E. Kottwitz, Tarnagawa numbers, Ann. of Math. (2) 127 (1988), 629-646. 
[21] Norbert Kramer, Beitrdge zur Arithmetik imagindrquadratischer Zahlkdrper, Ph.D. thesis, 

Bonner Mathematische Schriften, Nr. 161, 1985. 
[22] K.F. Lai, Lefschetz numbers and unitary groups. Bull. Aust. Math. Soc. 43 (1991), no. 2, 

193-209. 

[23] R. Lee and J. Schwermer, The Lefschetz number of an involution on the space of harmonic 

cusp forms of SL3, Invent. Math. 73 (1983), 189-239 (English). 
[24] J. J. Millson and M. S. Raghunathan, Geometric construction of cohomology for arithmetic 

groups I, Proc. Indian Acad. Sci. (Math. Sci.) 90 (1981), 103-123. 
[25] J. Oesterlc, Nombres de Tarnagawa et groupes unipotents en characteristque p. Invent. Math. 

78 (1984), 13-88. 

[26] Takashi Ono, On algebraic groups and discontinuous subgroups, Nagoya Math. J. 27 (1966), 
279-322. 

[27] Vladimir Platonov and Andrei Rapinchuk, Algebraic Groups and Number Theory, Pure 

Appl. Math. (139), Academic Press, Inc., San Diego, 1994. 
[28] Irving Reiner, Maximal Orders, LMS Monographs (28), Oxford University Press, Oxford, 

2003. 

[29] J. Rohlfs, Arithmetisch definierte Gruppen mit Galoisoperation, Invent. Math. 48 (1978), 

185-205. 

[30] , The Lefschetz number of an involution on the space of classes of positive definite 

quadratic forms, Comment. Math. Helv. 56 (1981), 272-296. 
[31] , On the cuspidal cohomology of the Bianchi modular groups. Math. Z. 188 (1985), 

253-269. 



LEFSCHETZ NUMBERS OF SYMPLECTIC INVOLUTIONS 



35 



[32] , Lefschetz numbers for arithmetic groups, Cohomology of Arithmetic Groups and 

Automorphic Forms, Proc, Lcct. Notes Matli. (1447), Springer- Verlag, 1990, pp. 303-313. 

[33] J. Rohlfs and J. Schwermer, Intersection numbers of special cycles, J. Amcr. Math. See. 6 
(1993), 755-778. 

[34] W. Scharlau, Quadratic and Hermitian Forms, Grundlehren der math. Wiss. (270), Springer- 
Verlag, Berlin, 1985. 

[35] M. H. Sengiin and S. Tiirltclli, On the Dimension of Cohomology of Bianchi Groups, arXiv 

arXiv:1204.0470v2 (2012). 
[36] J-P. Serre, Cohomologie Galoisienne, Lcct. Notes Math. (5), Springer- Verlag, Berlin, 1964. 
[37] , Cohomologie des groupes discrets, Prospects Math., Ann. Math. Stud. 70 (1971), 

77-169. 

[38] , Local Fields, Grad. Texts Math. (67), Springer- Verlag, New York, 1979. 

[39] G. Shimura, Arithmetic of alternating forms and quaternion hermitian forms, 
J. Math. See. Japan 15 (1963), 33-65. 

[40] , Introduction to the arithmetic theory of automorphic functions, Publ. Math. Soc. Ja- 
pan (11), Princeton University Press, 1971. 

[41] C. L. Siegel, Berechnung von Zetafunktionen an ganzzahligen Stellen, Nachr. Akad. Wiss. 
Gottingen Math.-Pliys. Kl. II (1969), 87-102. 

[42] T. N. Venkata.ramaua, Virtual Betti Numbers of compact locally symmetric spaces, Isreal 
J. Math. 166 (2008), 235-238. 

[43] A. Weil, Basic Number Theory. Reprint., Classics in Math., Springer- Verlag, Berlin, 1995. 

[44] Robert A. Wilson, The Finite Simple Groups, Grad. Texts Math. (251), Springer- Verlag, 
London, 2009. 

Max-Planck Institute for Mathematics, Vivatsgasse 7, 53111 Bonn, Germany 
E-mail address: skionke8mpim-boim . mpg . de 



